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Abstract

This case study examined the impact of currency replacement
or redenomination process on Sudanese bank deposits, on both
size and structure. The study assumed that currency
replacement process leads to a negative impact on the bank
deposits growth, it also leads to a negative impact on the deposits
banking structure. Descriptive and analytical approaches are
used to test hypotheses.
The research theoretical framework tackles currency replacement
operations and it's justifications, and it's historical development in
Sudan, with emphasis on the latest three operations in the years
1991-2006-2010. The study analyzed the money supply,
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deposits growth, and deposits structure through the analysis of

growth ratios and financial ratios.

The main findings of this study are the currency replacement
operations have negative impacts on bank deposits particularly in
1991, but they have positive impact on deposits structure.

Finally the study recommended the need of financing public
budget via other alternatives than banking system, also depending

on the partial rather than total replacement.
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Abstract

The study aims to know the role of using banking technology
in the development of Sudanese banks. The problem of the study
was that following the traditional system in banking operations led
to a slowdown in the performance of the banking system in
general. Moreover, the non-use of banking technology increases
the cost of banking services and effort to obtain those services,
hence the need to know what the role of using banking
technology in the development of banks in the Red Sea state¢
The study used the questionnaire as data collection tool in
addition to the personal interviews with the specialists of the
management of these banks. The descriptive analytical method
and the statistical method were used in the field study to present
and analyze the data and test the validity of the hypotheses (The

study reached a number of results, the most important including;
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the high cost of infrastructure from the purchase of equipment,

training and maintenance has led to the difficulty of applying
banking technology, and also the use of banking technology in the
work of banking leads to attract the mass of cash into the banking
sector. The researcher recommended a number of
recommendations, the most important including; The need to use
banking technology because it leads to the ease of banking
operations and thus leads to the development of banking work in
addition to the expansion of the use of technology to help banks
to provide their services more easily and cost low, and the need
to use modern technology in all sectors and banks in particular In

order to implement the concept of e—government.
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Abstract

The Study aimed to identify the objectives of the Electronic
Government and explaining the effect of its application on the
rationalization of the state public expenditures, to test whether
there is an effect of the electronic government , which represented
in: the electronic planning, the electronic organization, the
electronic leadership, and the electronic control on the
rationalization of the state public expenditures from the point of
view of the employees in the Federal Ministry of Finance.

The importance of the study represented in the contribution of
the electronic government in presenting an appropriate information
for the decision making rationalization process, the contribution of
the different governmental sectors, by providing the traditional
services for the citizens through the electronic means. The study
tested the relation between the independent variables and the
secondary dependent variable , and reached to several results top

of the: There is a moral effect by the electronic planning, the
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electronic organization and the electronic leadership on the
state public expenditures.

The study recommended to the necessary of urging the Council
of the Accounting Standards to issue the governmental accounting
standards related to the electronic measurement and planning in

order to suit the required development.
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Abstract

The study aimed to identify the role of the tourism sector in
providing job opportunities in Red Sea State (Port Sudan) for the
period 2006-2016. The study was covered based on data obtained
from the Ministry of Environment and Tourism and the Civil
Service Bureau in the state.

The study used both historical and descriptive analytical method in
addition to the digital statistical method to estimate the study and
measure the basic hypothesis that:

- There is a statistically significant relationship between the
tourism sector and increasing job opportunities in the state.

The study reached the following results:

- Tourism has a major role in increasing job opportunities in the

state.
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- The development of the tourism sector increases the provision of
employment opportunities in the state.

It recommended the following:

- The need to provide the right and encouraging environment to
work in the field of tourism.

- Anappro priate and encourcying environmen should be provided
to work in the field of touvism.

- Promoting the tourism potential of the state to attract more

tourism projects and thus job opportunities.
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Dependent Variable: D(LT,2)
Method: Least Squares
Date: 03/18/19 Time: 19:16
Sample (adjusted): 2008 2016
ncluded observations: 9 after adjustments
Prob. t-Statistic Std. Error Coefficient Variable
0.0059 -3.904330 0.324825 -1.268224 D(LT(-1))
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0.047964 Mean dependent var 0.685306 R-squared
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1.431404 Akaike info criterion 0.449418 [.E. of regression
1.475232 Schwarz criterion 1.413837 |Sum squared resid
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Abstract

The study aimed to know the adult mortality in River Nile state
classified by sex, age and causes of death. The study adopted
the descriptive and analytical methods as well as the after
mathods of on 2015. The data were described and then analyzed
through the frequency tables, the crude death rate, age specific
death rate, and the under—five mortality rate for both sexes. The
study found that the infant mortality rate of males (01 )years is
higher than that of females. The mortality of males is generally
higher than that of females in all age groups, except for the age
group ( 14-5) years. It was also found that the most common
diseases leading to death are diseases of the circulatory system
and diseases of the urinary system for both sexes and that deaths

due to cancer for males were the highest than female. The study
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recommended that all the deaths should be registared in the state

and attention must be taken to the health of motherhood and
childhood and to fight malignant diseases such as cancer.should
be fought.
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Abstract

This study aimed to test the relationship between talent
management practices and the innovative performance among a
sample of workers in some Sudanese banks in Khartoum state.
Specifically, it attempts to explore the relationship between the
dimensions of talent management (attracting talent, talent
development, evaluating talent performance, talent retention, and
talent succession) and creative behavior through dimensions (idea
generation, change implementation and problem solving). The
study is built on social exchange theory and previous studies in
developing the study model and formulating its hypotheses. The
study followed the descriptive analytical method. The
questionnaire was used as the tool to obtain the primary data.
(390) questionnaires were distributed, out of which (252) were
retrieved, with a response rate of (65%). The study used
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structural equation modeling through Amos program to analyze
the data and test the study's hypotheses. The results of the study
showed partially significant statistical relationship between the
dimensions of talent management practices and the innovative
performance. Specifically, the results showed a significant
relationship between the dimensions of talent performance
evaluation and talent succession and innovative performance.
However, the other dimensions of talent management (talent
attracting, talent development, and talent retention) did not
showed significant relationship with innovative performance.
Based on these results, the study provided many theoretical and
practical contributions, in addition to the constrains and future
research.

Key Words: Talent Management, Innovative Performance
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Abstract

This paper is entitled "Methods of Demand" by the pre —-Islamic poet
Al-Nabeeh Al-Zubayani.

The paper aimed to follow the methods of demand in the poetry of
Nabeja Al-Dhibiani, and to ascertain the extent of its achievementand
expression of its contents, especially that it is a poet who is a printed
Jahili, and that he is a poet of gain. Perhaps this method achieved
what he intended to receive the gifts of Aimamdouh; whether material
or moral or Social issues.

The paper followed the historical approach in the sequence of events
and the descriptive approach in tracking phenomena and methods, and
the analytical method in extracting the methods of demand from the
evidence and the required analysis and linking each witness to its

context.
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The paper produced results including:

- The methods of the request contributed to the interconnection of
the literary text in the poet Nabegh Al-Zabani, where he was able to
express in these methods the details of his life in all cases.

- The plant used fourteen purposes of inquiry, eleven of the
purposes of prohibition, seven of the wishful purposes, six of the
purposes of the order, and four of the purposes of the appeal, all in a
smooth and without cost or complexity.

- These methods enabled the poet to master the selection of
words that indicate the quality and accuracy of the meanings that
appearin harmony and harmony without ambiguity. He expressed his

thoughts and emotions in a smooth and easy way.

_ The paper recommended studies on psychological indications in the

production of pulp.
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Abstract
The main aim of this study is to Know dual and pre-dual of
Morrey space coincides with known dual spaces. This survey deals
with Morrey spaces, their duals and preduals in the framework of
distributions on Euclidean spaces .A new sub space of Morrey
spaces whose elements can be approximated by infinitely
differentiable supported functions is introduced.
The researcher used the historical mathematical and analytical
method to access related informations to dual and pre-dual of

325



2020 g e SHloud)

Morrey spaces . The most important result of the study they are
embedded inside the paper and refer to theorems of dual and pre-

dual of Morrey spaces .

Keywords: pual and Pre-dual Morrey spaces ,Morrey spaces ,Besov
spaces

,Embeddings.

1.Introduction:

We give new characterization of the classical Morrey space.
Complementary global Morrey-type spaces are introduced. It is
proved that for particular values of parameters these spaces give
new pre-dual space of the classical Morrey space.\We concentrate
on basic assertions (including density and non separability),
duality, embeddings (including relations to distinguished Besov
spaces) and applications to Calderon-Zygmund operators. A new
subspace of Morrey spaces whose elements can be approximated
by infinitely differentiable compactly supported functions is
introduced. Consequently, we give an explicit description of the

closure of the set of such functions in Morrey spaces .
2. New Dual and Pre-dual of Morrey Space.
The well-known Morrey spaces M ;introduced by Morrey in

1938 [1] in relation to the study of partial differential equations,
were widely investigated during last decades, including the study
of classical operators of Harmonic Analysis maximal, singular and
potential operators in generalizations of these spaces (the so-called
Morrey-type spaces). In the theory of partial differential equations,
along with the weighted Lebesgue spaces, Morrey-type spaces also
play an important role. These spaces appeared to be quite useful in
the study of the local behavior of the solutions to partial differential
equations, a priori estimates and other topics in the theory of PDE.
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In [2] local Morrey-type spaces LM 9 and global Morrey-type

spaces GM , were defined and some properties of these spaces

were studied. They investigated the boundedness of the Hardy-
Littlewood maximal operator in these spaces. Later on there was
intensive study of boundedness of other classical operators such as
the fractional maximal operator, the Riesz potential and the
Calderon-Zygmund singular integral operator (see [3]).

Later in [4] ‘‘so-called’” complementary local Morrey-type
spaces L°M , were introduced and the boundedness of the

fractional maximal operator from complementary local Morrey-
type space L°M , into local Morrey-type space L°M , was

investigated. As in the definition of the space L°M , was used the

complement of ball instead of ball, it was named the
complementary local Morrey-type space and no relation between

LM , and L°M , was studied.
In [5] it is proved that the space L°M . is dual space of the
P o

space L°‘M povwwhere1 <p, 6 <0,1<p,f0<w,p’and # are conjugate
exponents of p andé, respectively, and

a(t) = ot )( [[’s) ds)_l

3.Notations and Preliminaries.

We introduce global complementary Morrey-type space and
show that this new space is pre-dual of the classical Morrey space.
We recall some results on associate spaces of local Morrey-type
spaces and complementary local Morrey-type spaces. New
characterization of the Morrey space. we investigate some
properties of an intersection and a union of complementary local
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Morrey-type spaces. New characterization of the pre-dual space of
the Morrey space. Finally, we recall known pre-dual spaces of the
Morrey space and compare new one with known spaces .We
always denote by ¢ and C a positive constant which is
independent of main parameters, but it may vary from line to line.
By A<B we mean that A <cB with some positive constant ¢
independent of appropriate quantities. If A<Band B<A , we
write A~B and say that A and B are equivalent. A constant, with
subscriptsuch as c,, does not change in different occurrences. Fora

measurable set E,y. denotes the characteristic function of E
Given a function w defined on(0,«) , we say that w satisfies the
doubling condition if there exists a constant D >0 such that for any
t>0 , we have w (2t)<Dw (t) . When w satisfies this condition, we
denote weA,, for short.

Unless a special remark is made, the differential element dx is
omitted when the integrals under consideration are the Lebesgue
integrals.

Let Y be a Banach space and X its subspace. The closure of X

in Y we will denote by[X ] . Let X and Y be two Banach spaces.

The symbol X —Y means that X <Yy and the natural embedding
of X iny is continuous. We say that X coincides with Y (and
write X = Y) if X and vy are equivalent in the algebraic and
topological sense (their norms are equivalent).

Definition (3.1): Banach spaces X ,,« <A, form a Banach family
if there exists a Banach space W such that X, > w, acA. If
(X ,)acn is @ Banach family, the concepts of its sum > (X ,),.. and
intersection A(X ,),., Will be introduced as follows.

aehA
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Definition (3.2): The sum of a family (X )
X such that

(@ X, —>A, aeA.

(b) if for certain Banach space Y we have X —Y , a€A, then

X -Y .
Changing the direction of embeddings, we obtain from here the
definition of the intersection of the family (X ,),.,.Note that the

sum and intersection of a Banach family exist [6]. For a fixed p
with p e(0,+x], p’ denotes the conjugate exponent of p, namely,
P
1-p

+00 if  p=1

Is a Banach space

aeA

O<p<l1

P if  1<p <+,
p-1
1

if p = -+oo.

and 1/ (+w0)=0,0/0=0,0.(+x) =0 .

If E is a nonempty measurable subset on 0" and f IS a
measurable function on E, then we put

1

1 @)= ([T dy )P .0< p <o,

If Il &)=sup{a:l{y €E:|f (y)[za}>0}.
If I is a nonempty measurable subset on (0,+) and g is a
measurable function on 1, then we define 19l q and

gl correspondingly. For x edJ"andr>0 , let B(x, r) be the
open ball centered at x of radius r and B°(x, r)=0"\B(x, r).
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Morrey spaces M, were introduced by Morrey in 1938 and

defined as follows: for 0<i<n,1<p<owofeM , iffel*(0")
and

A-n
1 Ty = Ty = SUD TP Il o<

xel",r>0

Definition (3.3): Let 0<p,f#<w and let wbe a non-negative
measurable function on(0,«). We denote by LM | the local

o2
Morrey-type space, the space of all functions f eLy*(0") with
finite quasinorm

If ”LMpo,f”f ||LMpoﬁ(x,">:||a’(r)||f I el o)

Definition (3.4): Let 0<p,f0<w and let w be a non-negative
measurable function on (0,0).We denote by L°M 201 the
complementary local Morrey-type space, the space of all functions
f eL,(B°(0, t)) forall t >0 with finite quasinorm

1 g, = T, oy O o0

Definition (3.5): Let 0<9<« .We denote by Q, the set of all non-
negative measurable functions » on (0,0) such that
0<ll@ |l 0y<o0:t >0.
and by Q‘the set of all non-negative measurable functions «» on
(0,00) such that
0@l @y<oot >0.

It is convenient to define local Morrey-type spaces and

complementary local Morrey-type spaces at any fixed point x (1" .
330



Definition (3.6): Let 0<p,0<xo and let » be a non-negative
measurable function on (0,«). For any fixed x 1" we denote by

{3}

L'M
f eLy*(0")with finite quasinorm

, the local Morrey-type space: the space of all functions

1 1y SOOI o= 4,
p” A "

Definition (3.7): Let 0<p,f0<wo and let w be a non-negative
measurable function on (0,«0). For any fixed x 0",we denote

byL°M ;}w the complementary local Morrey-type space, the space
of all functions f L (B°(0, t)) for all t >0 with finite quasinorm

1 100 A DO I gl I 1L
p Nes

Note that
LM, =LM D and L'M , =L"M T .

In global Morrey-type spaces GM , were defined.

Definition (3.8): Let 0<p,9<xand let » be a non-negative
measurable function 0N (0, ) : We denote
byGM_, => (L'M)), the complementary global Morrey

space, the set of all functions f suchthat f =>" f, inthe sense
of distributions, where f. eL’M ;:}w x €’ and
Zk If 1l,c,, 0 <0 .We define a quasi-norm in GM o

f = inf 3 |If
|| |IGCng‘m f=szk k” k ||LCM:;(;.((U}
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where the infimum is taken over all representation of f of the
form>" f, . f, eL°M§;{kW} D N ||LcM<gu<°° and y, el".
4.Associate and dual spaces of local Morrey-type and
complementary local Morrey-type spaces.

Let (0, n) be a totally o-finite non-atomic measure space. Let
M (0, p)be the set of all p-measurable a.e. finite real functions on
0.
Definition (4.1): Let x be a set of functions from
M (1, p),endowed with a positively homogeneous functional (.0} ,
defined for everyf eM (0, p)and such that f ex if and only if
Of [l <o We define the associate space x ' of X as the set of all

functions f eM (0, p)such that 0f [ .<eo where

0t o =supi[ Ifg [duligli <]
In what follows we assume 10 =" and du=dx .
Theorem (4.2): Assume 1<p<w,l<f<x .Let weQ, and
@l .= - Then

(LM, ) =LM

9

p” .o
M )
Where c?)(t)za)g_l(t)( L wa)g(s)ds) ,under the following pairing:
(f.g)=].fg

Moreover||f ||,  =sup, | anfg | ,where the supremum is taken over

p” @

all functionsg LM o with ||g |, , <1.
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Theorem (4.3): Assume 1<p<wn,l<f<xw .Let we®’ and
”a)”Lg(O,w):w . Then

(LM, Y =LM

p.o p

0 ~
@

)

Where c?)(t)za)g‘l(t)( j; a)g(s)ds) , under the following pairing:
(f.g)=[.fg

Moreover||f ||« =sup, |j fg | ,where the supremum is taken over
all functions g e LM rf}w with [[g |l,,e <1.

Theorem (4.4): Assume 1<p<w,1<f<w .Let weQ, such that
ol o= . Thenforany yeO"

, @

(L°M pg’w)* =LM :,Xg.}
©)
Where cZ)(t)=a)‘9‘l(t)( L ) a)g(s)ds) , under the following pairing:

<f ’g>=I["fg

Moreover|| f e =SUP, |Lfg |,where the supremum is taken over

p” @

all functions
gelL'M fé}w with |l g ”,_cMiz) <1.

Theorem (4.5): Assume 1<p<w,l<f<w .Let weQ’ such that

@l =2 . Thenforany ye0"
LM, )=LM%

@ o
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Where a(t) =co“"1(t)(j; o’ (s)ds )_1, under the following pairing:
(f.9)=],fg

Moreover||f ||, « =sup, |Jinfg | ,where the supremum is taken over
.9' o

p” @

all functions gel‘™M ;}w ‘g ””M,f?fl .
We give new characterization of classical Morrey space. Note that
n-4
. © T
g = inf [ 1 ® gL g, dr
IS the positively homogeneous functional on

U, .tsm % . Denote by
X ell pll’T_l

Ay, ={f eM @, dx)If ||, <o}

5
Eh()a associate space of the set of functions [ J ,L°M :x,iﬂ_l where
- A0 p
If IIﬁp_fsup{[nlfg [infjr " lig ”L,,.(Bc(x,,»drﬁ’}
(6)

To study properties of the space 4, ,, the following results are

useful.
Lemma(4.6): Let 1<p <o and 0<A<n . then the inequality

n-4

w 21
[ LIt I=CHf I, inf["r? gy dr

Lp (B (xn)

(7)

holds with positive constant C independent of functions f and g.
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proof. Let x be any fixed point in 0" . For = « and w(t)=t "
implies the following inequality

n-4 . n-i

=7 w —-1

p p

[fgl<Csupt * Qf oL, for? gl dr
(8)
with constant C independent of f ,g and x . Therefore
ni L
p p
Lnlfg |<C xfélfﬁlot | LI . IO r* g IILP.(BWdlr o
e (©)
—] p
A, Jyre lell, dr
In view of arbitrariness of x we arrive at (7).
Lemma(4.7): Let 1<p<w and 0<A<n. Then
o A

: 5 _

inffr? lell,,, dr=0
(10)
if and only if g =0 0on 0".
Proof. Obviously,

n-4

. 0 —=-1

inf[r? gl dr=0
When g =0 ae.onn".
5.Equivalent pre-dual spaces.

For p > 1 there are already three characterizations of the pre-
dual space of a Morrey space in the literature. First, in 1986, C.T.
Zorko proved the following theorem.
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Theorem (5.1): Let pe(L) and 2€(0,n) . Then a pre-dual space
of M,,is z,,in the following sense: ifg M ,, then | fg is an

element of(z,,)’. Moreover, for any Le(z,,) there exists
g €M, ,such that
L(f)=Iunfg fez,,

The space z,., is defined by the set of all functions f on (1" with
the norm

1, =i {le ) o ~Sova, <o
' k

where a is a (p,n-2)-atom and [i{c, }. =D, [c,|<~, and the

infimum is taken over all possible atomic decompositions of f .
Additionally, we say that a function a on 0"is an (p’,n—A)-atom

provided that a is supported onaball B 0" and satisfies

e, <

n-1

Bl

Second, in 1998, E.A. Kalita obtained another description of the
pre-dual space of a Morrey space as follows.

Lemma (5.2): Let 1<p <w and O<A<n . Then
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yrm® <z,
: p1 Ay p.
X el p

Proof. Let x be any point in 0" and let  be any function from
L°Mm &3

na
p1 Ay
3

It is possible to decompose f in the followingway:

k=4 fy . ..
F= Zk 2" ”f ||Lp'(B(x,Z‘ )B(x,21)) K n—z(B(x‘ VB(Z" )
2

P If Hva(B(x,i( yBxE1Yy)

Denote
n-1
ﬂk =2 P ||f ||Lp.(|3(x,2k YB(x,21))
and
f Zeo s
a, = 7 BX,2)/BxE1Y)
2 7|

Ly (B(x,.2 )/B(x.2 ™))

Note that ak is (p’,n—-4)-atom. Indeed, it is obvious that supp
a, < B(x,2“). On the other hand,

1 1

”ak |||_p.(:") kn—ﬂ n-4
n

2P~|B(X,2k)

p

Note that{4, } ¢ . Indeed,
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k-4
zk|ﬂk|zzk 2 ° ”f ”Lp.(B(x,zk YBx,E1))
<2 Lk v drllf I, @ oz

_Z J p ”f ||L .(B° (xr)dr

n-4

w —-1
LA WP

pl—l
p

Recall the following fact: if y is a testing function supported in
B(x,,r,) and a is an atom, we have

[ )

Therefore f =) c,a in the sense of distributions. Thus f €z .,
and

[ 1, <If ey, <o

p1—1

Finally, we prove that the space G°M (oo 1coincides with known
b1 1A
p
pre-dual spaces, namely, the following theorem is true.
6. Morrey Spaces, Their Duals and Pre-duals.
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This survey deals with local Morrey spaces L; (") and global

Morrey spaces L;(0") as well as their preduals
HL,@",H L") in the framework of tempered distribution
S("). This requires some restrictions for the parameters, typically

1<p<wo . We are especially interested in duality properties and
embeddings between these spaces and in relation to distinguished
Besov spaces. It is our intention to present the material as self-
contained as possible and to illuminate the somewnhat tricky
(topological) background in a larger extent than usually done in the
literature. This requires to include some basic material and a few
so-called well-known properties for which we could not find proofs
in the literature. A typical example is the claim that Morrey spaces
are non-separable. We give a short proof. As a by-product one
obtains in one line the highly desirable (and well-known) assertion
that neither D "), nor S(J "), nor distinguished Lebesgue spaces

are dense in Morrey spaces.

Definition(6.1): Let 1< p <« and 0<%+r <% :

() Then L (©") collects all f L (0") such that

100
= sup 27 [f L Q)

Jelg,Mel"

IFicam
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(11)
is finite. Furthermore, L] (0")is the completion of DU ") in Ly (0").

(i) Then L] (0") collects all f eLy* (1") such that

U
= sup 2° Hf“—p(QJ,M)H

Jel U,Me,n

e

(12)

is finite. Furthermore, I:;(D“) Is the completion of D(@E") In
L"),

7.Besov spaces .

All spaces introduced in the Definitions(6.1),are considered in
the framework of (S(@©"),S'(C").This is the topological
background especially in connection with the duality theory
developed later on. But we try to avoid more or less sophisticated
relations of the above spaces to spaces of type A (0") and their

localversions L'A;  (0"). As far as the spaces L (0 ")are concerned

see [12]. All spaces introduced in the Definition(6.1),are spaces
consisting entirely of regular distributions, hence subsets of
L @")ns'@").
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Theorem(7.1): (i) Let

l<p<ow,-n/p<r<0,u=-n and y<-n/p
(13)

Then L (0") and L (0 ")are Banach spaces, 1< p <u <o and

nn

BP (0" »L (">l (-l 0" »L, (0" )
(14)

(ii) Let
l<p<ow,-n<e<-n/p,eu=-n and y>nlp'
(15)

Then H’L“p([] "Yand H 'I;;,(D ") are Banach spaces, 1< u <p and

SOM->L0"e)>L0"), »>HL,O"

nn

S>HLO"Y>LO")->BPO")
(16)

Furthermore, D(C"), S("), L, (0", ®)and L,(1"), are dense both
inH L,(0"and H L,(").

Proof Step 1. The standard proof of the completeness of
L, (©Q).1<p<ow , indomaiLy(0")ns in ["as it may be found in any
related textbook , can be carried over to Li(0"), and to H L, (")
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(taking for granted the embeddings (14), (16) which have nothing
to do with completeness). Explicit proofs for the Morrey spaces
may be found in [7], repeated in [8]. But there is essentially no
need to bother about the completeness , we all spaces
L"), L") and H L (0"),H L (") are duals of linear normed
spaces. Then they are complete, [9].

Step 2. We prove the remaining assertions of part (i) where
1<p<u <o is Obvious. Let f eL;(0"). Then the last embedding in

(14) follows from y <—n/p and

[ 1L 0" e)| <c > @+ MY |f 1L, Qou)|’
Ml

<c "juLpn ”f | Lp (Qo,M )”p
(17)

Let f eL,(0") and l:£+1 .Then
p u v

1/ n 1/u

2J(;+r)( IQJ,M f (x)|pdx) PP )(IQJ'M f (x)|udx) :(IQJ,M If (x) dx )Uu
(18)

This proves the second inequality in (14). The third one is
obvious by definition. The first assertion is a (sharp) embedding of
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the indicated Besov space into L,(0")=F’ (") which can be

found in [11] and the references given there, in particular to [10].

Step 3. We prove (16) where 1<u <p Is obvious. The second
embedding follows from » p'>n and

IfIL,@m,

sc( > (@+[M |)‘”"] If 1L, 0" 0)|
(19)

The embedding of H L (")intoH L (") is obvious by
definition. Let

111 , hence 11 ¢
u p ¢ q P n
(20)
Then one has
YT GRST S S R [ B

Jel Mel”
n

< Y 2y 1L, @)

Jell Mel”
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1) ”

< > 2

Jell Mel"

hyw 1L, @Qsm))
(21)

This proves the last but one inequality in (16). The last assertion is
again a (sharp)embedding of L, ") =F%@0")into

nn

BP “(0")=F/

p

n
u

(0™) covered by [11].
Step 4. We prove that D(1") is dense both in H 'L, (0")and
H L ("). Let
h*= > h.Lel
(22) ML .M [sL
Then

[h=ht[HL, @ )| >0 if L—>0

(23)
Any h,;,, with [J[<L,M|<Lcan be approximated in L, (Q,, ) by
functions belonging tob(Q,, ) . The sum of these functions

approximates h" and also h . Hence D(0")is dense in HL (0").
One obtains by similar arguments that D(J")is dense in L,(J").
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Then it follows from (16) that also S(C"), L,(0",®,) With y>n/p"
and L, (0"),are dense bothin HL (0 ").

8.New subspaces of Morrey spaces.

In the sequel we introduce new subspaces of Morrey spaces by
means of vanishing type conditions at infinity and show how they
are related with the already known subspaces mentioned above.

The context now is the whole ", so that we omit the domain in the
notations as agreed before.

Definition(8.1): Let 0<A<n and 1<p<w . We define v _L** as
the subset of LP* ~) consisting of all those functions f such that

limsupm |, ;x,r)=0

00 -
r— xelm

Note that the subset v _L"*is defined similarly to v L**, but now
in terms of a corresponding vanishing property at infinity.

Example(8.2): For «,5>0 ,let

|1|a , | X|£1
X
fa,/}(x): 1
— , Ix[>1
xP [ x|

Then
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f, eVl AV LM if a<l=

In the limiting case « =% = /3, We have

f,,elP butf, eV LP*ov P

We introduce another subset by distinguishing a vanishing
property after

truncation in large balls. For convenience we use the notation

Avo®)=sup [ If (v) 7 (Y
xell" '
with
n =%, \B(O,N),N el

These truncations make sense, for example, for functions f in the
uniform Lebesgue space L? for 1<p < .

Definition(8.3): For 0<A<n and 1<p<w , We define v OL** as
the set of all

functions f L"* having the vanishing property ¢ )

limA, ,(f)=0
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By the Lebesgue dominated convergence theorem, we can see
that every L function has property (v ") and hence v L"°=LP. In

a sense property ¢ ") allow us to overcome difficulties in applying
such a theorem when the functions are not necessarily in L" .

Lemma(8.4): A function f <L"*satisfies property ¢ *) if and only
if

limsup [ It (v} 2 My =0
(24)
uniformly in r [0,0 ] for any fixed 0, >0.

Proof. It is clear that condition (24) immediately implies property
v 7). Conversely, suppose that f satisfies v ). Let 0,>0 be

arbitrary fixed and let x eJ". Then there exist K, 0 (depending
onlyon i, andn )andx; eB(x,0,),j=0,12.. K, such that

B(x,r)cL_OJB(xj ,r)
j=1
Forany r <[0,0,] .Since

F ) 7 Oy <csup [, ()] 2 )y
zel” i

;1)

oo f O 220 ety sz [

with ¢ >0 not depending on x,r andN , we get the estimate
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sup [ If (v)| 2z (YMy <cA, L (F)

xenn vB N
uniformly in r e[0,0].

Definition(8.5): For 0<i<n and 1<p <« , one defines the subset
vOLPtof L4 as VOLPH =V LP* AV LPH AV O,

Lemma(8.6): All the vanishing subsets v L**, v, L**and v OL"*
(and consequently v )L**are closed in L**.

Proof. The proof uses standard arguments which can be adapted to
all the cases. By this reason we give details for the subset
v OL*only. Let (f,) be a sequence of functions in v ©L?*
converging to f in L"*. We want to show that f v “L"*. For any
£>0 there exists k (] such that

k

Ao =F<f =t |0 <=

A 2p+1

On the other hand, for such fixed k, by the vanishing property
v ©of f, there exists such that

&
2p+1

Ay, (o)<

forevery N >N . Hence, we have
Ay, (F)<2°(f —f )+2°A ((F)<e
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for arbitrary large N <0 , which completes de proof.

We end with a discussion on the preservation of the vanishing
propertie  introduced above by convolution operators with
integrable kernels.

Theorem(8.7): Let 0<i<n,1<p<w .Then the Morrey subspaces
vV, L"*, v _LP*and v OLP* are invariant with respect to convolutions
with integrable kernels.

Proof. Let pel'. f eL”*. Let x en"and r >0 . By Minkowski’s
integral inequality and a change of variables, we get

2 Js x,n

ri (€ =oney Sriﬂ([n(js(mlf (y-2)4(2)| "dy )ypdzj

-1

¢(z)|( foo ., fF @) )ﬂpdz j

<|l¢|f supm , , (F v,r)
vell

From this it follows that

f eV, L»" =f *geVv LP*and
f eV L =f *gev LP/
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It remains to prove that the convolution also preserves property
v ). As above, for x e0" and N el , we get

/p

(o #0000 2 00 ) <[ @[, ) & 2 0 )

We extend the notation from Definition(8.3) as follows:

Z.=%.\B(0,a) if >0 and 2, =1if aell
(25)

So we have g, (y)< Iy (Y = 2). Using this fact and changing
variables on the righthand side of the inequality above, we obtain
the estimate

( IB(X,DKf *HV)| 2 (y)dy) "< j.[n|¢(2)|(sumpn) If o) 2 |Z|(u)duj dz

B (v)
Since this is uniform with respectto x 1", we get

(A 0] <[ p@I[Ay )] dz
with the interpretation

A,(E)=sup[ [f &) zdy ,ael”

on ¥B(x1)

(according to (25)). Therefore we have
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Ay, (f*9)—>0as N o0

by the Lebesgue dominated convergence theorem.

Theorem(8.8): Let 0<i<n and 1<p<w . Then every Morrey

function with Zorko property can be approximated in Morrey norm
by ¢ ~functions. Moreover, we have

LP*AC” =LP"

We discuss now the approximation of Morrey functions having
both vanishing properties at the origin and at infinity.

Theorem(8.9): Let 0<A<n and 1<p<ow . If f eV L**~V _LP* IS

uniformly continuous then f can be approximated in Morrey norm
by functions fromv L** ~V_L"* ~C™.

Proof. Let geS with |o|,=1 . Then f *¢ eV L"* ~V L"* ~C~for
any t>0 by Theorem (4-3-7). Thus it remains to show that
fxg —f INLP*ast—>0.Lete>0.Forany xel", r>0 and

t >0, we have

(Is(x,r)Kf *p)y)-1 (y)|pdy )l/p <].ln j(js (x,r)|f (v 2)-f (Y}pdy )Up dz

Since f eV L** Vv _LP*, there are r,, R >0 such that
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L0yt o)fdy <e

r)L B (x,r)

forevery r<r, or r >R (and all x, z e0" ). Thus we have

sup=~ [, [F 6rd)m)-f 'ty <maxz.S, q (x)}
(26)

where

Srt)=] la (z)|(r% Jyonff =201 (y)|"dy} dz

By the uniform continuity of f one can find §>0 such that
[f (y—z)-f (y)<e foranyy and z with |z|<¢& . For such fixed &

we split the outer integral above into
Sprt)=[ (z+] ()2
(27)
For the first integral we use the uniform continuity of f and get
jlzl<5(...)n1z <ery*|B (x,R)| .[|Z|<5|¢§(z)|dz <|B(O,))|r;"R"e
(28)

for every x elJ™ and t>0 . In the second integral in (27), we use
the fact that f eL”* and ¢eS to derive the inequality
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ans('“ﬁz <cry *R7t|If ||p’/1

(29)
with ¢ >0 depending only on ¢, n ands . In particular, we used the
estimate
t
LZ|25|¢§(z)hz S-[lzké—d|z i z <t
where the implicit constant is independent of t . Using (28) and
(29) in (27), from (26) , we obtain

supm ,, (F *¢ —f ;x,r)<e
5o

for sufficiently small t >0 . This implies|f *¢ ~f|  —0 as t >0,
and hence the proof is complete.

Finally we discuss the approximation of Morrey functions
having all the

vanishing properties.

Theorem(8.10): Let 1<p<ew and 0O<A<n . Letw =w (|x]) be a
radial weight such that w (t)~1 for 0<t <1 . Then

LP*0") > LP0 ") and L"*(0") > LP (0", )

if w(t)"t” is almost decreasing, and
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["w ()" tdt <co
(30)

with y=21 in the homogeneous case and y=n in the
inhomogeneous case.

Proof. We split the weighted norm of f as

If Iy =, LI OO 0)Pdy +[ I O @)y =1, ) +1,(F)

y[>1
Since w (|y |)~1 for |y|<1 we have
LE)<|f | and 1) <|ff |},

As regards to I, (f )the estimation is different in each situation.
In the homogeneous case we have

|2 (f ) = Z_Lk <y <2+

k=0

p 0
F ) @)’dy <> )2 [f L. <[f [
k=0

where in the first inequality we used the monotonicity of w (t)°t”

and in the second we used the integral assumption (30) with y =24 .
In the inhomogeneous case we use similar arguments (with y=n in
the integral condition (27)) and estimate the integral as follows:
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[m]=1

|m|¢0

9.Results :

Corollary(9.1): Let 0<s<w and &>1 . then the inequality

j2|fjgj|32||fj
h

inf J.r1+5

/4(1 £) X€

L(1+ )(B (x.r))
(31)
holds with positive constant C independent of functions f, andg; .

proof. Let x be any fixed pointin 0" . For 6= « and co(t)=ti
implies the following inequality

o0 —

1+2.9

J Z|f 0, |£C stu([))t1+2"z"_12||1‘j
(32)
with constant C independent of f,, g, and x . Therefore

Lwe) (B (x,1) -([ L ey (B (x1)

r 1+2£

jZ|f of |<C sDugt) Ot1+2*-‘ Z”
(33)

Laes) (B (x,1)) -([ L(n )(B (x,r)

_ Z”f J'r1+2g
Hire)

In view of arbitrariness of x we arrive at (31).
Corollary(9.2): Let 0<e<ow . Then

L(H )(B (x,r)
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e
Xlgf" .[rhg Z”gm L(1+e)(BC(er))dr
0
(34)
if and only if g, =0 on(".
Proof. Obviously,
7 )
xlguf" !zrl “ lgn ”ng)(B%x,r))dr =0

When g, =0 ae.on0".

dr=0. For any fixed

Now assume thatinf [>r™|g,
Xe 0

L(1+.9) (Bc (X vr))

1 >0 consider
the function f, = 5., - Obviously, f e .., SINCE| x50 | =0
! ' H(ie)

Then by the inequality (31), we have j D |f.]=0 , therefore,

B(0,)

f. =0 a.. on B(0,) . From arbitrariness of 0 , we get that
f,=0aeonno".
Corollary(9.3): A function f; eL"*satisfies property ¢ ) if and

only if

lin sup [ °[f, (v ) 20 (v My =0
xel" B(x,r)

(39)

uniformly in r <[0,0,] for any fixed 0, >0.

Proof. It is clear that condition (35) immediately implies property
V7). Conversely, suppose that f, satisfies ¢ ). Let 0,>0 be
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arbitrary fixed and let x e0". Then there exist K, el (depending
onlyon 0, andn )and x; eB(x,1,),j=0,12..,K, such that

B(x,r)cth(xj )

Forany r <[0,0,] .Since
Ko

[ Sl oy <> [ X0 2o <sue [ 3100 7 0)dy

€ B(z,r)

B (x.r) I=lB(x;.r)

with ¢ >0 not depending on x,r andN , we get the estimate

sup [ D) e (v)dy <c DAL ()

xell" B(X.r)
from which (35) follows, uniformly in r <[00 ].

Corollary(9.4): Let 0<e<oo . Let w =w (|x [) be a radial weight

such
that w (1-¢)~1 for £<1 . Then

L&) 0" > L*)0 ", w) and
L(1+s) (D n) N L(1+g) (D n ’ C())

if w(1-£)"9@1-¢)"* is almost decreasing, and
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TZV\! (1-e)*)(1-g)Yd (1-¢)< o
(36)

with £>0 in the homogeneous case and &=0 in the
inhomogeneous case.

Proof. We split the weighted norm of f_ as

Ul = [ O o) dy + [, (v)

lyl<1 lyl<1

1+sa)(y )1+ady _ Z(Il(fr )+ I, (fr ))

Since w (Jy [)~1 for |y|<1 we have

St <l and ()<,

As regards to 1,(f,)the estimation is different in each situation.

l+e
L1+5 (a))

In the homogeneous case we have

le(fr)=ki [ 1w

=0 2k qly <2k

1l+e
L1+e ( w)

fl’

jlji(w) < Z”f r

1+<9a)(y )1+gdy < Zza)(zk )1+g 2k (1+e)
k=0

where in the first inequality we used the monotonicity of
w(1-g)*1-g) and

in the second we used the integral assumption (36) with y =1+¢ .
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In the Inhomogeneous case we use similar arguments (with
y=1+2¢ In the integral condition (27)) and estimate the integral as
follows:

L)Y [ RO ely)edy < 3 Y o(m |2 I 1 <D,
|m[10

m]lios(m,l)
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