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Abstract
The aim of this study is to identify the view of Ibn Taymiyyah towards
interpretation, the theory and doctorine Ibn Taymiyyah related to interpretations .
The researcher investigates the biography of Ibn Taymiyyah (birth- bring up,
lineage) as well as his knowledge status and the most important of his books.
The findings of the study stated that there is differences between the muslim
factions in terms of the interpretations of the verses. Also the interpretation in
mystic Shia and their alike of the factions. Ibn Taymiyyah believes that the
interpretation appeared after the first three centuries and he considers the
interpreters as innovators because the imams of the predecessors did not use it since
they believed that it is type of interpretations initiated by the shia who their ideas
were nullified by the clear evidences set by the immas of the predecessors.
The study recommended that more studies should be conducted to purify the
Islamic belief from the illusions attributed by the shia and the other deviated
factions.
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The Role of Kindergarten Teachers in the Marawi locality in Developing the
Social Responsibility of Kindergarten Children from their Point of View
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Abstract
This study aimed to discover the role of kindergarten teachers in the locality of
marawi in the development of social responsibility in kindergarten children, and to
effect of some variables, (Specialization, Sindergarten, type Age, social status), the
sample total was (100) teachers from the whole sample number(1000) teachers,
chosen by the stratified random, the distributive analytical method was used in this
study, the researchers use the measurement of social responsibility scale, the
researchers used various methods for the statistical processing such as (t-test) for
the two related groups, Person correlation coefficient and valid coefficient
(Cronbach's Alpha), and One Way ANOVA. The results showed that estimates of
kindergarten teachers were high. The study found statistically significant
differences in the role of kindergarten teachers in the development of social
responsibility in the tool as a whole due to specialization and for the benefit of non-
specialists. The results showed no statistical significant differences in the role of
kindergarten teachers in the development of social responsibility in the tool as a
whole due to the variables Kindergarten, type Age, and social Status. Finally, in the
light of the study results and discussion the researcher suggested some
recommendations.
Key words: social responsibility , kindergarten teachers.
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Abstract

The missing person is the person whose location is not known and whose life
Is not known from his death. Most of the legislations have authorized the right to
file a lawsuit to prove the death of the missing person to the same parties that have
the right to file a lawsuit for the loss. The ruling is for loss. Rather, the capacity in
this case is given to the heirs and to everyone who has an interest. Most of the
modern legislations necessitate the necessity of issuing a court ruling for the loss
and death of the person according to the laws of civil procedures. In three demands,
we clarified the concept of the missing in the first requirement, the regional and
of the judgment of loss in the second qualitative jurisdiction, and the effects
requirement, while the period required to judge the death of the missing legally and
legally in the third requirement. One of the most important goals of the study is to
familiarize yourself with all the provisions and procedures related to the missing
person. One of the most important results is that the money of the missing person is
considered indivisible but the missing person deserves to inherit from someone else
before a ruling issued that stipulates his death. One of the most important
recommendations is that his missing wife observe the waiting period from the date
of the judgment of death and not from the date of the judgment of loss and this is



considered that the missing person is considered alive before the judgment is issued
which considershim dead so he treats him as the absent. And the research concluded
.with a set of results and recommendations
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An Appreciation of Artistic Techniques of Arabic poem

Su’ad is gone: between description of a she-camel and apology



Abstract

The poem “Su’ad is gone” by the veteran Arabic poet Ka’b ibn Zuhayr ibn
AbiSulma was written between Pre-Islamic and While- Islamic epochs. The poem
Is traditionally admired as an exemplar of classical Arabic poem and Islamic epoch.
It is popular because it contains story that puts the poet in the presence of our
Prophet Muhammad (peace and mercy be upon him) and later, it was the reason to
embrace Islam. The poem known as “Burda” because the considerate prophet
(peace and mercy be upon him) gave the poet his own Cloak as praise for the poem.

The study aims at exposing the subjective techniques of the poem to a
different viewpoint to identify the issue of unevenness of poetic composition in
terms of quantity between the main purpose of the poem and the other accompanied
purposes. This is discussed through two main perspectives: first, Ka’b ibn Zuhayr
between maintaining the heritage and coping with the present in the poem “Su’ad is
gone”. This perspective aims at crystal clear features of the variety of composing
method between traditional method inherited by Ka’b and Pre-Islamic
Poetry aspects that characterized that poetry and formed its techniques in hand, and
what is prescribed by instant state of a situation. This state is divided into two
pictures; the picture of Islam with its must-followed speaking styles that include
virtue and good manners, and the situation of Ka’b ibn Zuhayr humbly in the
presence of the Prophet Muhammad (peace and mercy be upon him). The second
perspective: denotations of subjects’ composition of the poem. These denotations
helped the poet order his subjects according to the complicated mental state of the
poet despite the fact that the main subject was the apology. The descriptive and
analytical method is adopted as a means of study to discuss the two perspectives.

The study resulted in that the poem has revealed sprit that is divided between

the traditional poetic composition then, and what is prescribed by Islamic behavior

system, yet the poet composed the poem in a balanced harmony that considers all



systems. The study revealed that the dramatic frame of the story of Su’ad and his
brother Bujair imposed psychological reality to the poet which played a great role in
dividing the poem into two subjects. Description of a she-camel represented the
comfort zone of the poet; therefore it overwhelmed the main topic, the apology.

The study recommended further study of the poem “Su’ad is gone” which is
overflowing with subtleties and technical poetic features in terms of subject — as in
the present study — or in terms of imagery, language, style, music, and others in the

different parts of the poem based on its structures and imageries.
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Abstract

The research studied the different types of Arabic article (Alf-lam) through

searching, analyzing, describing and extrapolating. The study aimed to explain.

The Arabic article (Alf lam) to collect and facilitate it to researchers and learners.

exceed to the The study found out that the (Arabic article) is used for definition,

original word and for plurality. The Arabic article is used for defining and has two

glottal, one of them is stop and none stop. The Arabic is only concerned with

defining nouns only and stop. It is one of the noun signs, and it has many uses such

as; showing facts, comprehension, as well as including. The convenant Alf- lam

convenient is useful for mental reference definition in the convenant is real verbally

and in meaning, while in the gender ” Alf- lam” definition is verbal only.
therefore, the sentence after one which has an Arabic article of conveniant is



adverbial because, the noun which is described by the adverb has an article totally
and the sentence after the noun which has gender, article ought to be adverb in
regarded to literal (phonetic) and is adjectival to the gender no combination between
Alf- lam and additive and between Arabic article and vocative article. diphthong
article as well as nunnantion article are obligatory to be used in the following
and noon). The tdaa. dad. sad, sheen, seen, dhay, raa, dnhal, dal, thaa, (taa, sounds;
objective which(lam) is added is renewable in all ages and it is not right to limit it to
what was heard. The study recommended that the researches ought to pay attention
especially to other part which weren’t abided to researching in order to shed light

and explaining for general benefit.
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Abstract
This paper aimed to know the measures Taken by caliph Abdullah AL-
Tayshi in the era of the British- Egyptian attack on Sudan to eliminate the Mahdist
revolution. The researcher used the historical, documentary and analytical method
the study reached several results including: not giving Political and military leaders
complete Freedom to confront situations, but rather implementing the directives and
orders of the central administration. This holding administration missed the Caliph
to seize many opportunities to destroy the enemy’s forces or to paralyze and besiege
him in the specific location until the forces are supported and the advancing enemy

is eliminated. The study recommended several the most important of which are:
studying the success and failure of the Sudanese revolution.
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Abstract:

The study was carried out to find the relationship between electric current, magnetic
flux, wave length and the speed of electromagnetic waves. The problem of the study
was the identification of the relationship between electric current, magnetic flux and
electromagnetic wave.

The aim was achieved through the use of physical analysis using the physical unit
system as well as the use of relationships between physical quantities in the laws of
electricity and magnetism and electromagnetic waves.

The most important findings of the study were finding the relationship between

electric current and magnetic flux and wave length of the electromagnetic wave and



finding the relationship between electric charge and magnetic flux and the speed of
the electromagnetic wave.

The most important recommendations of the researcher are the generation of
electromagnetic waves from magnetic flux and electric current as well as measuring
their speed in practice and the possibility of transmitting electromagnetic waves
wirelessly.

Keywords: Magnetic flux, Electric current, Wave length.
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Determination of levels of Cobalt and Chromium in the River Nile water using
Oreochromis Niloticus as bio indicator
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Abstract

The present study aims to investigate the level of heavy metal contaminants i.e.
Cobalt (Co) and Chromium (Cr) in the River Nile water using Oreochromis
niloticus (Tilapia nilotica) as bio indicator. Three sites along the stretch of the River
Nile i.e. Khartoum, Dongola and Wadihalfa were selected as sampling sites.
Samples from flesh of Oreochromis niloticus were analyzed for each metal using
Atomic Absorption Spectroscopy. Statical analysis of variance reveals variations in
levels of the metals in accordance with the locations. Higher values recorded at
Khartoum. The decreasing order of Cobalt is as follows Khartoum >

Wadihalfa>Dongola, while for Chromium the decreasing order is Khartoum>



Dongola>Wadihalfa. Levels of both metals from the three sites were below the
permissible levels given by the international organizations.

Key wards: heavy metals, Oreochromis niloticus, bio indicator, water pollution.
Introduction

Water is essential for life on the earth following Oxygen in the necessity for life for
the living things. Most of the harbor citizens have great concern over the purity of
their drinking water (Bastaway 2007). Water pollution can be defined as the
introducing of new substances to the environment causing harmful effects due to its
chemical composition or its quantity (USEPA). There are different types of water
pollutants including Oxygen demanding wastes, organic chemical pollutants and
heavy metals (Nebel, Wright 2002). Water contamination and pollution with heavy
metals become a worldwide concern because they are indestructible and most of
them are very toxic to human health beside their capability of bioaccumulation and
bio magnification in the food chain. Bioaccumulation of heavy metals arises from
all environmental sources including water and diet (Mcgree et al.2004) ,Aquatic
organisms can bio accumulate some environmental contaminants up to 1,000,000
times the concentration detected in water column (USEPA 2000). Bio indicator is
an organism (or part of the organism or community of organisms) that contain
information on quality of the environment or part of the environment (Markert et al.
2003). Waren stated that organisms living in water provides more sensitive and
reliable measure of water quality conditions than do physical and chemical
measurements of water quality and detect pollution problems that may no longer be
evident in water sample. According to ( Noss 1990) fish play crucial role as bio
indicator in water resource management. In this study, Oreochromis niloticus was
used to evaluate metal contaminants in the Nile River water at three sites,
Khartoum, Dongola and Wadihalfa.

Literature Review:



The River Nile is the main source of water for drinking and irrigation. Its water is
derived from rainfall generating the two rivers namely the Blue Nile and the White
Nile coming from Ethiopia and great lakes in Uganda respectively. Water pollution
is defined as introducing of new substances to the environment causing harmful
effects. (USEPA). Wright and Nebel (2002) and Cunningham (2007), defined
pollution as any chemical ,biological and physical changes causing adverse changes
to the organism health and causes deterioration to the environment. Bernan and
Withgott (2005) define water pollution as addition of substances causing harmful
effects to human health or aquatic system and biota.

Scientific references differ in their classification of the sources of water pollution.
Hague (1998) classified these sources as domestic, industrial and agricultural
sources. Robin (2007) classify them as direct and indirect sources. Bernan and
Withgott (2005) give recent classification of water pollution as point and non-point
sources. Point source comes from single location for example releasing industrial
wastes directly in the aquatic system. non- point sources causes pollution by water
runoff, excess fertilizers and toxic chemicals.

Heavy metals are group of metals and metalloid with atomic density greater than six
grams per cube centimeter, (Alloway and Ayres 1993). Heavy metals such as
cobalt, cadmium, chromium, mercury and Nickel, are commonly associated with
pollution and toxicity problems. Some heavy metals like chromium, copper and
zinc are required by the organisms at low level and become toxic at some higher
levels. Non-essential elements including Cadmium and lead are toxic and not
required by organisms at any levels, (Poggis, et al, 2009). The process of
distribution of heavy metals in the environment and its partition includes; dilution,
advection, dispersion, sedimentation and adsorption. Heavy metals are taken up
both fauna and flora of the aquatic system. They undergo bio magnification through
the food chain, (Suter, 1993).



Bio indicator is an contains (or part of the organism or community of

organisms) that contain information on quality of the environment.
According to Noss (1990) fish play crucial role as bio indicator in water resource
management. Fish as a bioindicator meet the three aspects of bio indicator:
compliance, diagnostic and early wining indicator, (Markert, et al.2003). Heavy
metals enter fish through food and nonfood particles, gills, oral consumption of
water and through the skin, (Forstner and Wittman, 1983).Fish like Tilapia Nilotica
feed on green algae and accumulate heavy metals in organisms, Magdaza (2003).
Karr (1999) stated that, biological communities are precise indicator of the status of
the aquatic system, because they are subjected to full range of chemical and
physical influences.

The scientific name of Nile Tilapia has been given as Tilapia Nilotica,
Sarootherodon nilotcus and currently as Oreochromis niolticus.Environmental,
requirements for Tilapia Nilotica include dissolved oxygen (Do) above3.0 mg/l, PH
6.0 -8.5 ,turbidity 25-100m and total ammonia nitrogen (TA N)0.5 -
1g/1.,(Frank,A,Champion).

(3) Material and methods
Study area

The study was carried out along the stretch of the river Nile. Three locations
were selected; Khartoum, Dongola and Wadihalfa. Khartoum is an area where Blue
Nile and White Nile meets to form the River Nile The area of confluence is known
as Elmogran, from here the Nile started Dongola is the capital of the Northern state
of Sudan where the longest area of Nile located It was designated as the reference
site. In this site, human density is low beside industrial and mining activities are
low. Wadihalfa constitutes the last point where the Nile leaves Sudan. It is located
in the northern state of Sudan on the shores of the lake Nubia. The city had
population about 15.725 (2007), It has a hot desert climate. Agriculture is the main
activity. Recently mining and investment in fish processing plant started.



Sampling and samples treatment

Fresh samples of Oreochromis niloticus (Tilapia nilotica) from the River Nile
were purchased from the local fishermen who set their gill nests at the selected
sampling sites. Samples were washed with distilled water to get rid of mud and
sediments, conserved with ice in clean polyethylene bags, and transported to the
laboratory for further analysis. Before acids, digestion fish samples were taken in
Petri dish dried in an ovum 105C for 24 hours until constant weight reached. The
dried samples were ground to fine powder using mortar, and then stored in
deepfrezer at 4 C.
Sample digestion
The digestion procedures were as follows:
1) One gram of the sample was taken into a250mlbeaker and 10ml of concentrated
nitric acid (HNOs) was added.
2) The mixture was boiled for 45 minutes (for the removal of organic matter). The
mixture was then cooled.
3) After cooling, 5 ml of perchloric acid was added, and the mixture was boiled
until white fume was observed.
4)20ml of distilled water were added and the mixture was boiled further, (to remove
any gas).
5) The mixture was filtered using (whatman42 paper). The filtrates were stored at 4
C until metal determination.

Using  Atomic  Absorption  Spectroscopy (AAS). Two planks

were prepared as pretest samples each was analyzed for Cobalt and Chromium).

Table (1) operating conditions for AAS.

Operating parameter Co Cr
Wave length (nm) 240.7 357.9
Slit width (nm) 0.2 1.0




flame type - CoH2

Fuel gas flowrate (I/m) 1.6 2.8

Lamp current low(mA) 12 10

Results and discussion
Data obtained from the experimental analysis were subjected to statical analysis
I.e. one-way analysis of variance (ANOVA) and were used to evaluate the level of
the heavy metals measured in flesh of the Oreochromis niloticus collected from the
three locations.
Statical analysis reflected significant variation between levels of the metals and the
locations (P<0.01).
The mean concentrations of the heavy metals recorded for the three locations were
shown in the table below

Table (2) Levels (mg/kg) of Cobalt from the flesh of Oreochromis niloticus

collected from the three sites.

location level
Khartoum 0.7290
Dongola 0.1214
Wadihalfa 0.1690
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Figure (1) Level of cobalt at the three locations.
Table (3) Levels (mg/kg) of Chromium from flesh of Oreochromis niloticus

collected from the three sites.

location level

Khartoum 0.3297

Dongola 0.1664

Wadihalfa 0.1374
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0

Khartoum Dongola Wadihalfa

M concentration MColumnl ™ Series 3

Figure (2) Level of chromium at the three locations
From table (2) and figure (1), table (3) figure (2) it is clear that levels of



Cobalt and Chromium at Khartoum state are greater than the other two sites .The
decreasing order of Cobalt in relation with the location is Khartoum> Wadihalfa
>Dongola, while for Chromium it follows the decreasing order Khartoum>
Dongola> Wadihalfa. Higher levels of the metals at Khartoum site may be
attributed to the heavy industrial activities around Khartoum state much more than
the other two sites. Some of the industrial wastes may find their way to the Nile
water. Intensive use of motor boat for the tourism and fishing activities may also
add to increase level of the metals.

Lack or absence of industrial activities around the two sites may be the cause of the
low levels of the metals compared to Khartoum. Although there are many
agricultural projects and farms near the River Nile, but it may not affect the level of
the contaminants.

Comparing results from this study with the levels of metals from Nile basin and
some African countries, the following table was obtained

Table (4) Levels of Cobalt and Chromium from fish species from Nile basin

countries and this study.

Location year Co Cr
This study | 2017 0.340+0.123 0.211+0.038

Kenya| 2013 N.A 0.03

Ethiopia| 2004 2.47 N.A
Egypt| 2008 N.A 20.1+9.3
Zambia 2001 N.A 0.7£0.4

Nigeria| 2012 0.82 0.32

Chad 2017 N.A 0.5




From the above table it is clear that the River Nile and it is tributaries in Sudan are
less polluted than the mentioned countries, this maybe as the result of intensive
mining activities near the lakes where the Nile originates and its tributaries.
Recommendation:
From this study the following recommendations can be stated
1) Higher levels of Cobalt and Chromium at Khartoum site need continuous and
regular evaluation and monitoring for better management of River Nile
water.
2) Regulations and laws should prohibit discharge of industrial wastes into the
River Nile to stop and avoid contamination and pollution of the Nile water.
3) Biotic organisms should be used as bio indicator for monitoring the health of

the aquatic system.
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Abstract:

The study deals with the structural and semantic impact of entering (Inna and its
sisters) on the nominal sentence, and applying this to the Holy Qur’an, since

grammar is the basic level of language, and the sentence is the basic unit in it. The



researcher followed the inductive and descriptive method in presenting examples of
the Holy Qur’an, and the structural and semantic level of the literal annullers,.
Which were analyzed by afterwards. The study also had tried to find out the effect
of the transformation elements (rank, increase and delete) on the syructure of the
nominal sentence.

The study came out with a number of fingings, the most important of which are:

1- The transformed sentence has two structures: a deep one that carries the general
meaning of the sentence, and a superifical one that has acquired a new meaning
specific to the entry of the transformation elements into it.

2- The Qur’anic verses were affected by the transformayion elements: rank,
augmentation and elision.

3- The nominal sentence may be the basis to more than one of the transformation
elements that control the transformation of the nominal sentence copied from it
from its deep structure to its superficial structure.

The study recommends conducting further studies in the rest of the literal
annnullers that are similar to laisse (la. Lat. Inn. Ma) nor negating gender, and the
actual annullera, and their structural and semantic effect on the nominal sentence,

and linking this to the Holy Qur’an.
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Investigating the Problems Encountered Sudanese EFL Learners in Grasping
Idiomatic Expressions

1- Dr: Sabir Mirgani Ali Ahmed—College of Education- Sudan University of
Science and Technology-College of Education. - 0128977449

2- Dr: Tohami Mohammed Hassan Mohammed Noor- College of Education —
University of Dongola. - 0906223333

3- Dr: Saad Abbakar Bakheet Ahmed- University of Zalingei- Faculty of
Education for Basic Level. — 0913948228

4- Dr: Manahil Mukhtar Mohamed Bashir. College of Education, University of
Dongola. 0912805481

Abstract
This study aims to investigating the problems encountered by Sudanese learners

of English in grasping idiomatic expression. A diagnostic test is used as a primary
tool for data collection; it was distributed to (30) of fourth year students of English
at University of Dongola. The study used the statistically package of social
science (SPSS) program to analyze and verify the hypothesis. The results revealed
that: There are statistically significant differences among the respondents of the
diagnostic test in terms of idiomatic expressions. Moreover, usage of idioms have
no resemblance between the L1 and L2 is extremely difficult. And teachers' ability
in recognizing and using idiomatic expressions increases the learner’s Proficiency.
The researchers recommended that: Instructors should raise students' awareness
about the importance of learning English idioms and English idioms should be
included in educational syllabuses as independent subject.

Key words: Controversial, Measuring, Comprehensive and Pedagogical.
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Introduction
Idiomatic expressions are part of every language. According to Boers who (2008),
all languages have idioms and are full of them. Native speakers tend to use
idiomatic expressions spontaneously without thinking of the figurative meaning. It
is natural that non-native speakers find idioms difficult to understand because they
do not know what the image of the idiomatic expression is based on. For example,
if non-native speakers of English Language come across the expression that exams
are part of a "carrot and stick" method, they will find it difficult to process. Non-
native speakers will find it uneasy because they are unable to encourage moving
forward by dangling a carrot in front of it or byhitting it with a stick. Thus, it is

almost impossible for a non-native speaker who is unfamiliar with this idiom to



Imagine that such an idiom is used to describe any event which involves rewards ( a
carrot) and threats (the stick). If a non-native speaker is unfamiliar with the idiom
"show you the ropes" and comes across such an expression, he or she will find it
difficult to immediately understand. As such, they will find it difficult to realize
that this expression proposes to teach one how a certain job is done. If these non-
native speakers were told that such an idiomatic expression is used in a sailing
context in which experienced sailors teach a novice how to handle the ropes on a
boat, this may help them to understand and realize its meaning .Consequently,
realizing the image that the idiom is based on and the origin of the idiom could help
in resolving the figurative meaning of that particular idiom. Using the idiom in a
certain context rather than using it alone may also help non-natives who are

unfamiliar with that idiom to realize and figure out the metaphorical meaning.

In reference, idioms are defined as fixed expressions that are typically used in a
figurative sense and they have arbitrary meanings. That is, Idiomatic expressions
make their meaning by coincidence and by chance. Students are taught that there
is no link between an idiom and its meaning and that idioms have to be learned by
heart. However, recent research has shown otherwise; it has shown a link between
idiomatic expressions and their meanings. The link between an idiom and its
meaning could be based on physical experiences, which are universally shared or
based on specific domains, which are culturally specific. Realizing the origin of
the idiom and what it is based on help in realizing the idiom's metaphorical

meaning. These findings will be presented and explained in this study.

In the English language, idiomatic expressions are spontaneously used by native
speakers daily. It is an essential part of the English language lexicon and
vocabulary. Idiomatic expressions are, therefore, considered inevitable for non-
native speakers of English. As a result, Non-native speakers of English should get

accustomed to using these expressions. Non-native speakers of English need to



learn idiomatic expressions and practice how to use them, parallel to native
speakers. As such, it is a requirement to include idiomatic expressions in English
as a second language (ESL) and English as foreign language (EFL) classrooms

and in their teaching materials.
Statement of the Problem

The researchers have noticed that the acquisition of a second language required a
lot of efforts as it encompasses different language use and idioms represent one of
these uses. Necessity of acquiring English language idiom comes from the fact
that these idioms reflect genuine ideas and experience attributed to L1 English
language speakers. This proficiency in the English language involves proficiency
in acquiring English idioms. A learner disability in acquiring idioms may be
attributedto the fact that teaching lexis in general and idiom in particular has poor
relegated to minor position in contrast to the teaching of syntax. While there has
not been much in the way of current research reaching idiom acquisition by
second language learners, what have been done have focused primarily on the
issue of interference from the first language. Such studies are important as
learner with poor competence of English cannot understand or use idioms unless

they have reached an advanced level of proficiency in the English language.
Objective of the Study

This study sets out to achieve the following objective:

To find out whether Sudanese EFL learners face obstacles in comprehending
idiomatic expressions in written forms.

Question of the Study

This study sets out to answer the following question:

To what extent do Sudanese EFL learners face obstacles in comprehending

idiomatic expressions in written forms?



Hypothesis of the study

This Study sets out to test the following hypothesis:

Sudanese EFL learners face obstacles in comprehending idiomaticexpressions
in written forms.

Significance of the Study

This study will be of great significance to the teachers in terms of inferring
meaning from written forms as well as students who will be exposed to different
types of idioms, such as words that have indirect meanings, words that have
shaded meanings and words that have cultural background. It will be of great

significance to the curriculums and syllabus designers.

Definition of Idioms
Idioms are classified one of non-literal or figurative language that also includes

metaphors, as similes and proverbs. As mentioned earlier, there are many
definitions available which suggests that researchers have not been able to settle
for a single explanation. In the following section we provide examples of how
idioms can be defined differently. However, this study (and the search for
relevant material) required us to be very broad, and to not settle for a narrow
definition. Furthermore, the broad description that was used led to the fact that we
ended up with texts that all defined idioms differently. An idiom is a phrase that
is commonly used within a given culture and understood to have a meaning
different from its literal meaning. Glucksberg (2001) states that “[w]hat sets
idioms apart from most other fixed expressions is their ‘non-logical’ nature, that
is, the absence of any discernable relation between their linguistic meanings and
their idiomatic meanings” (p. 68). This point of view is supported by Cooper
(1998) who compares idioms to metaphors; “[a]n idiom can have a literal
meaning, but its alternate, figurative meaning must be understood metaphorically.
For example, over the hill can mean on the other side of the hill, but the figurative

meaning is to be very old” (p. 255). D’Angelo Bromley (1994) goes even further



by saying that “its meaning cannot be inferred grammatically, neither can
meaning be determined from its literal translation, nor can meaning always be
determined from the surrounding material “(p. 274). Without a doubt, this presents
language learners with a special vocabulary-learning problem. Wiktorsson (2003)
proposes a similar definition to the ones providedabove but she chooses to use the
term prefabs. Prefabs are said to be prefabricated expressions that are stored in the
memory to be used as multi-word units. Simply put, because they need to be.
Their meaning cannot be understood merely by knowing what the different
constituents mean. However, the term multi-word units (MWUSs) present another
dilemma since it is sometimes used to describe idioms. Grant & Nation (2006)
state that there are three types of MWUs: core idioms, literal sequences and
figurative. Figurative are “what most people commonly call idioms. At first sight

their part do not make up the meaning of the whole unit” (Ibid., p. 8).

So far, it has been shown that there are a lot of similar definitions and terms used
to describe the same language phenomenon. Glucksberg. (2001) provides the
most detailed description whilst identifying idioms on the basis of

compositionality and transparency.

Firstly, idioms can be classified on the dimension of compositionality. They can
be non-compositional, partially compositional or fully compositional — explaining
the relationship between the idiom’s constituents and the idiom’s meaning.
Glucksberg (2001) states that “[iln non compositional idioms, no relations
between the idiom’s constituents and the idiom’s meaning can be discerned, as in
the idiom cheesecake to refer to pinup art” (p. 73). Pinup photos are often called

cheesecake photos.

The Importance of Idioms
Before determining what the best way to teach idioms to second language students

Is, the reason why idioms are important to know needs to be addressed. Why is



practicing idioms a worthwhile activity in the classroom? Why is it important, or
perhaps even absolutely necessary, for language learners to understand idioms in

the target language?

Idioms are very common in both written and spoken language. Lundblom and
Woods (2012) write that idioms “appear in conversation, print (magazines and
newspapers), and media (movies, radio, and television)” Cooper (1998) claims
that when idioms occur on TV-shows, for example, in order to even understand
the plot, the viewer often needs to be able to comprehend the idiom in question.
Furthermore, of the four kinds of nonliteral expressions, idioms are the most
frequently encountered in discourse. Consequently, since idioms are such a big
part of most languages, students should learn them in order to be fluent in the
target language. Burke (1998) goes as far as claiming that there is “absolutely
no way a nonnative speaker of English could fully understand an American
movie, TV show, news broadcast, or even a typical conversation without help
because our language is loaded with nonstandard English, i.e., slang and idioms”.
He explains that if nonnative speakers do not understand idioms, they will never
be able to completely integrate and instead, they will always be outsiders. Cooper
(1998) agrees, Sooner or later, imprecise idiomatic usage will cause difficulties
even for a student with an excellent knowledge of grammarand a high level of
vocabulary attainment Thus, the fact that students most definitely will encounter
idiomatic expressions on a daily basis (whetherin a country where the native
language is English, or just through TV shows and movies), is definitely a main
reason as to why their idiom awareness needs to be developed during their

language learning.

Additionally, it seems idioms are difficult to learn and comprehend. The
complexity of this area within language learning is another reason why teachers

need to explain and teach idioms to students. D’Angelo Bromley (1984), for



example, writes that idioms “add confusion and difficulty to the learning of
language”. Lundblom and Woods (2012) further explain that idioms “occur

frequently in classroom language. Students with.

Literacy or language weaknesses are often challenged by idioms. Therefore, the
failure to comprehend idioms can impact academic performance”. Moreover,
Burke (1998) mentions that teaching students about and explaining nonliteral
language thoroughly in school is preferable to students hearing this type of
language outside of the classroom. Outside of an educational environment the risk
of the student misunderstanding an idiom, for example, is higher. The student
might end up in a situation where he or she uses the idiom in the wrong context

and gets into trouble or an awkward situation because of it.

To culminate, there are at least two main arguments in favor of teaching idioms in
school. Since idioms are so common in everyday language use, and since they
seem difficult for foreign language students to learn, as educators, we need not
promote the actual use of slang, idioms, but we do have a responsibility to

familiarize the nonnative speaker with this type of language.

Teaching of Idioms
This study suggests that idioms need to be learned so students can develop
fluency and fully understand the target language. The question remains, though, if

idiomatic expressions should be taught explicitly or could be learned incidentally?

There is a great deal of research available concerning vocabulary learning.
However, very little research focuses specifically on learning idiomatic
expressions. Instead, idioms are seen as an important part of developing fluency in
a language and are often integrated in the term vocabulary. Nation (2001) suggest
that idioms need to be dealt with as if they were words; they should be given

attention on the basis of their frequency and range of occurrence. The word used



Is MWUs (multi word units) — a term that it much broader and more inclusive than
idioms. Although Nation and Meara (2002) focus on learning individual words,

they state that “learning MWUSs can occur across the four learning strands as well.

Nation and Meara (2002) and Schmitt (2000) compare explicit and incidental
learning as two approaches to vocabulary acquisition. Schmitt (2000) indicates
that “explicit learning focuses attention directly on the information to be learned,
which gives the greatest chance for its acquisition” .Nation and Meara (2002)
support this point of view, adding that “deliberate learning is more focused and
goal-directed than incidental learning” .The authors also suggest that explicit
vocabulary teaching is one way of encouraging deliberate vocabulary learning.
However, Nation and Meara (2002) as well as Schmitt (2000) acknowledge the
fact that incidental learning is effective. But According to Schmitt (2000) “it is

slower and more gradual, lacking the focused attention of explicit learning”.

Grant and Nation (2006) argue that there are three types of MWUs which all
require a different approach to learning. These are core idioms, literal sequences
and figurative. In addition, the authors argue that once the meaning of a MWU is
known, it is possible to figure out how the words relate to create a whole. Grant
and Nation (2006) suggest that the strategy for interpreting figurative is a
commonsense one, “[t]o deal with figurative receptively, in listening and reading,
learners need to have an interpreting strategy and will be greatly helped if they
have actually met and learned the most useful figurative”. This suggests that
figurative deserve attention because learners need to recognize the different types

of idioms and develop strategies for dealing with them.

Schmitt (2000) argues that much lexis consists of multiword units which act as
chunks that facilitate fluent language since they do not require as much cognitive
effort compared to creating new expressions. He alsosuggests that “once a chunk

Is known, it can be analyzed and segmented provide additional vocabulary”.



In summary, it seems to be clear that explicit teaching of figurative idioms has a
beneficial effect. Schmitt concludes, for second language learners at least, both
explicit and incidental learning are necessary, and should be seen as
complementary. Both types are necessary for an effective vocabulary program,
but teachers need to have in mind that words are learned incrementally. In order
for learners to acquire them, they need to be met several times and this highlights

the importance of repetition in vocabulary learning.

Method of the study

The researcher used the analytical method to conduct this study, the population of
this study consists of (30) students of English language at University of
Dongola. They responded to the test questions, there were only three questions
which directly relate to the research hypotheses. Each statement in the test is
analyzed statistically and discussed. The following tables will support the

discussion and analysis.

Data Analysis

Table (1) The Frequency Distribution for the Respondent’s Answers
of question number (1)

Answers Frequencies Percentage
Passed Q1 10 33. 3%
Failure Q1 20 66. 7%
Total 30 100%

The above table shows that there are only (10) students in the study sample
with percentage (33. 3%) passed the question number (1), while the most of
the students (20) students with percentage (66. 7%) failed to pass the



question, this result leads to the acceptance of hypothesis glto question

number (1).

Table No (2) The Frequency Distribution for the Respondent’s Answers of
question number (2)

Answers Frequencies Percentage
Passed Q2 11 36. 7%
Failure Q2 19 63.3%
Total 30 100%

According to the above table displays that there are only (11) students in the
sample of study with percentage (36. 7%) passed the question number (2),
whereas, the most of the students (19) students with percentage (63.3%) failed to

pass the question.

Table No (3) The Frequency Distribution for the Respondents'
Answers of question number (3)

Answers Frequencies Percentage
Passed Q3 4 13. 3%
Failure Q3 26 86. 7%
Total 30 100%

Regarding to the above table and figure display that there are only (4) students in
the sample of study with percentage (13. 3%) passed the question number (3),
meanwhile, the majority of the students (26) students with percentage (86. 7%)

failed to pass the question, this proved that most of student filled in test.



Table No (4) The Frequency Distribution and decisions for the Respondent’s

Answers of all questions.

Correct Wrong
Questions Decision
frequency | Percentage frequency | Percentage
Question 1 10 33.3% 20 66. 7% Accept
Question 2 11 36. 7% 19 63. 7% Accept
Question 3 4 13.3% 26 86.7 % Accept

This table presents the summery of the results. For the Question one it's clear
that the number of students who failed to pass the question is greater than the
number of students who passed it with percent (66. 7%) so we accept our
hypothesis of the study. question is greater than the number of students who
passed it with percent (63. 7%) This above table No. (5) Displays the summery
of the results. For the question three it is clear that the number of students who
failed to pass the question is greater than the number of students who passed it
with percent (86. 7 %).

Table (6) one sample T-TEST for the questions of the study.

Question s N SD t-value DF p-value
1 30 3.5 12.2 30 0.00
2 30 1.85 7.3 30 0.00
3 30 1.44 8.4 30 0.00
For all 30 2.43 15.07 30 0.00

The calculated value of T — TEST for the significance of the differences for the
respondent’s answers in the question No (1) was (12.2 ) which is greater than the
tabulated value of T — TEST at the degree of freedom (30 ) and the significant
value level (0.05%) which was (2.21). This indicates that,

there is no



statistically significant difference at the level (0.05 %) among the answers of the

respondents .This means that hypothesis is accepted.

The calculated value of T — TEST for the significance of the differences for the
respondent’s answers in the question No (1) was (7.3 ) which is greater than the
tabulated value of T— TEST at the degree of freedom (30 ) and the significant
value level (0.05%) which was (2.21). This indicates that, there are statistically
significant differences at the level (0.05 %) among the answers of the respondents.

this means that the hypothesis is accepted.

The calculated value of T — TEST for the significance of the differences for the
respondent’s answers in the question No (3 ) was (8.4 ) which is greater than the
tabulated value of T — TEST at the degree of freedom (30 ) and the significant
value level (0.05%) which was (2.21). This indicates that, there are statistically
significant differences at the level (0.05 %) among the answers of the respondents.

this mean that our hypothesis is accepted.






Results and Discussion

In this section, the data is analyzed and discussed in terms of the results of the
test. There was one question and one hypothesis to be answered and tested

respectively. The respondents, on whom the test was applied, were (30)

respondents. The method used to analyze the data was descriptive statistics

(frequency and percentages). Statistical Package for the social Sciences

(SPSS) was used to analyze the data. Chi-Square tests were applied to

examine the observed differences in the frequency distribution of responses on

all the test of the test in order to guarantee their statistical significance.

In analyzing the data, the following statistical tests were considered:
Reliability coefficient was used to check the reliability of the test used in the
study.

Descriptive statistics which include frequency, mean, SD and Chi- Square
were used to describe the basic features of the data collection.

Finding

1. Usage of idioms have no resemblance between the L1 and L2 is
extremely difficult.

2. Outside of an educational environment can influence learners in
understanding idioms.

3. Teachers' ability in recognizing and using idiomatic expressions
increases the learner’s proficiency.

4. Interference of mother tongue influences learners' interpretation of
English idioms.

Conclusion:

The research shows that Sudanese learners of English face obstacles in

comprehending idiomatic expressions in written forms. According to the

results showed that secondary school teachers construct objective test items

depending on previous objective test. The study recommended that secondary



school teachers should formulate the objective test items in consultation with
their colleagues.
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Abstract: The main aim of this study is to Know the characterization of the Triebel-
Lizorkin spaces F,% (R™) via a new square function:
1/q
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S,q(f )(x){z 2k
k ez
wheref € L} .(R")nS'(R™),x € R* ,a € (0,2) and p,q e(Lo]. Let£ € N andp e(1,].
We show that the sequence consisting of the differences between f and the ball average
f —B,,.f characterizes the Besov space B, (R*)with g €(0,c0] and the Triebel-Lizorkin

fx)-f (y)py

1
‘B(x,Zj)"[B(X'ZJ)[

space Fy (R™)with qe(L] when the smoothness order a € (0,2€). We study the
inclusions between different Sobolev-Lorentz spaces Wl‘(p’q)(Q) defned on open sets
1 € R" , where n>1 is an integer, 1< p <o and 1<q <oo . We show that if 1<q <r <o,
then W *P9) (Q) is strictly included in W *7(Q).
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theorems.
1.Introduction:

we Studies are also established for Triebel-Lizorkin spaces
E2 ®)With ae(ow)\2vand  P4ed=l and for Besov
spaces 52, (®")With ae(w)\2n,pe@e0] and 9<O0.<l  More
precisely, it is proved that FBf plays the same role as the
approximation to the identity %**'appearing in the
definitions of &z (r®)and £ m™). The corresponding results for
inhomogeneous Besov and Triebel-Lizorkin spaces are also
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obtained. These results, for the first time, give a way to
introduce Besov and Triebel-Lizorkin spaces with any

smoothness order in (©2) on spaces of homogeneous type,
where ¢eN, we study the inclusions between different Sobolev-
Lorentz spaces q<.. We prove that if 1.q<r<., then w9 (Q)is

strictly included in w 1'("")(Q).We show that although H 1'("'“’)(!2) cW ) (Q)
where 2 € R"is open and n >1 , there exists a partial converse. Namely, we show that if a
function uin W ") (Q), n>1 is such that u and its distributional gradient Vu have

absolutely continuous (p, o0)-norm, then u belongs to H L) (Q) as well.
2. Triebel -Lizorkin Spaces on R™ .

The fractional Sobolev space W*#(R™) with ae(0,1) and pe(Lw) can be
characterized by the square function s, , defined by setting, for all x€ R" and
f €L (R)NS'(R"),

s, (f )(X)={I:UB<X,0“ ()= (y)Hly TtlitZa}

where above and in what follows, for any g € L}, (R™) and ball B € (R"),

IBg(y)dy=% _g(y)dy

and B (x,t) denotes the ball of R™with the center x € R"and t 2(0,1), see [7], [4],[5], [8].
However, when «>1 andpe(Lw), the above square function fails to

characterize W*# (™), indeed, if f € L, (R™) and [I5,(F)llzm < oo, then f  must be
aconstant function [2].
Alabern, Mateu and Verdera [1] characterized the fractional Sobolev space W*®(R™)

for «e(0,2) and pe(lLoo) via a new square function defined by setting, for all
fell (R")nS'(R™)and x € R,
- 2 dt 1/2
50 ={ [l 001 b
In particular, S,-function characterizes the Sobolev space W*?(R™). Comparing S,

with s, we see that the only difference is that |f (x)-f (y)| appearing in the definition of

s, (f) is replaced by f (x)—f (y) in that of S, (f ). Such a slight difference leads to a
quite different conclusion in the characterization of (fractional) Sobolev spaces. The main
point, as first observed by Wheeden in [6] (see also [7]), when studying the Lipschitz-type
(Besov) spaces, and later independently by Alabern, Mateu and Verdera in [1], is that S -
function provides smoothness up to order 2 in the following sense: for all £ € C*(R™) and
te (O,l) ,
Joteey ) = F(0]dy = 0(¢%) ,x € R
which follows from the Taylor expansion of order 2
fFO) =flx) +Vflx).(x—y) +o(lx—y*), =xyeR"



Definition (2.1): Let  €(0,2) and q €(0,] ,
(i) If pe(Lowo) ,the space S F(R™)is defined as the collection of all functions
f € L (R™) n S (R™)such that [Iflls ez, am=|Saq (DIl ,, . < oo, where, forall

F(R™)
SP )(x)={z 2k IB(X,zM[f ) —f (y)py ‘q}

with the usual modification made whenq = .

(i) The space S EZ(R") is defined as the collection of all functions
fell (R")nS'(R™) such that

I£lls gz, am) = sup sup {‘f [ f(x) — f(}r]]d}r‘ } <o

xeR™ FEZ
with the usual modification made when q = oo .

(iii) If p e(1,0), the inhomogeneous space S F; (IBE:”] is defined by
SEL(R") =17 (]R”] NS Ex (RY)
with its norm || f||”gu.;3vl;._IIfIIH.ﬁn;.Jr Ilfllgpgu.jw;.for all Fes Fog (R7).

In the above definition, S(IR™) denotes the space of all Schwartz functions and 5'(IR")its
topological dual, namely, the space of all Schwartz distributions. Recall that

f € L},.(R")nS'(R™) means that f € L}, .(R™) and the natural pair (f ,¢) given by the
integralf}nf(qutx]dx exists for all @ € S(R™) and induces an element of S'(R").
Definition (2.2): Let @ (2N ,2N +2) with N €N, q €(0,0] and S, (f ) beasin (1).

(i) If pe(0,©), the space SF%(R") is defined as the collection of all
functions £ € W2 (R") N 5" (R™) such that [l fllspg mmy = 5 2q (f]|| , < % with the

usual modification made when g = .
(ii) The space S £ (R™) is defined as the collection of all functions such that

few? 1(]1%:”:] ns'(R™)
1g
a
k -k
”f”_r;p“ L&Y —xsEu_{El1 iiép [IBEM‘*}ZE g ..rBIy _h} wl(Zix, 2 ]dz‘ d}rl = oo
k=Z

with the usual modification made when q = oo .
(iii) If p €(0,], the inhomogeneous space S F,5, (R™) is defmed by
S FX(R™) = IP(R™) N S £ (R™)
with its norm || fllsza_(zm)- ||f||L,,,f}+ I£1ls £ cany for all fE S F2 (R™).

Recall that, via the square function Sa,Z’ Alabern, Mateu and Verdera [1] also
characterized the higher order Sobolev spaceW*# (R") for all « (2N ;2N +2) with N € N
and p €(1,00). We extend this as follows.

Definition (2.3): Let  €(0,0) , p,q €(0,] and @ € S(R") satisfy that
suppQc {{ ER™1\2 < |E] < 2}constant>0 if 3/59&K5/3 (1)

(i) The homogeneous Triebel-Lizorkin space F, (IR™) is defined as the collection of all

f €S'(R")such that |Ifll g2 (zm < oo, where, when p e(1,00),

||f||F“ L&) = Sup sup{_erli,, }ZkE_ pksg |Q —k Hf(v:]| dv}

xERTFEL

g

o



with the usual modification made when q =, and ,
1\g
”f”ngfi“} - H[Ekez 2k=a |Q:‘?‘ *flq)

with the usual modification made when q = .
When p e (O,oo] , the inhomogeneous Triebel-Lizorkin space F,, (R") is defined by

5 FE (R™) = LP(R™) n 5 FE (R™)
with the norm | fll gz, czmy= Il fllpam + Il g2z forall £ & E (R™),
(ii) The homogeneous Besov space BZ . (R™) is defined as the collection of all

f € 5"%sych that Al g2, (zm) < o0, where

s . q
|If|l ngl::-in::l = {.Jrﬂl:xl:_‘fj EkEZ Ek ? ||Q2_'{ ® f[:}:r:] |ILF|:3"':I d}?}
with the usual modifications made when p=o or gq=0.When pe(0,»], the

inhomogeneous Besov space BJ . (R™) is defined by:

By, (R™) = LP(R") n 5 By, (R")
with the norm || fll gz czm= Il Fllpmmy + IFll g2 zmy forall f eBJ (R").
3. Besov and Triebel-Lizorkin Spaces.

The theory of function spaces with smoothness is a central topic of the analysis on spaces
of homogenous type in the sense of Coifman and Weiss [13]. Recall that the first order
Sobolev space on spaces of homogenous type was originally introduced by Hajtlasz in [12]
and later Shanmugalingam [11] introduced another kind of a first order Sobolev space which
has strong locality and hence is more suitable for problems related to partial differential
equations on spaces of homogeneous type. Recently, Alabern et al. [10] gave a way to
introduce Sobolev spaces of any order bigger than 1 on spaces of homogeneous type in spirit
closer to the square function and Dai et al. [12] gave several other ways, different from [10],
to introduce Sobolev spaces of order 24 on spaces of homogeneous type in spirit closer to
the pointwise characterization as in [12], where £ € N = {1,2,3, ...}.Later, motivated by [10],
Yang et al. [11] gave a way to introduce Besov and Triebel-Lizorkin spaces with smoothness

order in (0,2) on spaces of homogeneous type. It is still an open question how to introduce

Besov and Triebel-Lizorkin spaces with smoothness order not less than 2 on spaces of
homogeneous type.

We establish a characterization of Besov and Triebel-Lizorkin spaces which can have any
positive smoothness order on R™ via the difference between functions themselves and their
ball averages. Since the average operator used is also well defined on spaces of homogeneous
type, this characterization can be used to introduce Besov and Triebel-Lizorkin spaces with
any positive smoothness order on any space of homogeneous type and hence our results give
an answer to the above open question. Let us now give a detailed description of the main
ideas used. It is well known that a locally integrable function f belongs to the Sobolev
space W*#(R"),
with @ €(0,1) and p €(1, ) , ifand only if f € C?(R") and

S =4 o O - FOIa] 2 } f € 1P(RY)

IFim™

Llig

Here and hereafter, B (x,t) denotes an open ball with center at x € R* and radius
t €(0,0), and _[B(Xt)f (y)dy denotes the integral average of f & L}, (R™)on the ball

B(x,t) € R" namely



1
IB(“)f (y)dy :mjg(mf (y)dy =B,f (x) @)

However, whena €[1,0), s, (f ) is not able to characterize W¥ (™), since, in this case,

fell, (R")and IS, (f)llzm < oo imply that f must be a constant function (see [15].
Alabern et al. [10] established a remarkable characterization of Sobolev spaces of smooth
order bigger than 1 and they proved that a function f& W%#(R"™) with «<(0,2)

and p € (L) ifand only if f € L?(R"™) and the square function S, (f) € LP(R™) where

5.0 = {17 oo FO - Foles] 2] pe
Comparing S, and s_, we see that the only difference exists in that the absolute value
f ()= f(y)| ins,(f) is replaced by f (-)—f (y) in S,(f) . However, this slight
change induces a quite different behaviors between s, (f Jand S, when characterizing

Sobolev spaces. The former characterizes Sobolev spaces only with smoothness order less
than 1, while the later characterizes Sobolev spaces with smoothness order less than 2. Such a

difference follows from the following observation: for all f € C*(R™) and t e (0,1)

JpeunlF() = fF()dy = 0(t*),x € R 3)
Definition (3.1): Let @ €(0,%) , p,q €(0,0] and ¢ € S¥(R™) satisfy that
supp@ c {§ e R™:1\2 < |&] < 2} and |@(£)| =constant >0 if || < 5\3 (4)

(i) The homogenous Besov space BZ . (R™) is defined as the collection of all f € 5. (R")
suchthat [Ifll gz (zmy < o0, where
q 1I"|q
LF(R™) )]

1Al gg camy = [(Zez 2% Iz < £
with the usual modifications made when p =c or q =,
(if) The homogenous Triebel-Lizorkin space F;,‘Tq (R")is defined as the collection of all
f €S5L(R")such that || fll g=_(zm) < o0, where, when p (0,00),
1\g
11 55 x> = | [(Biez 2@ = £1°)

with the usual modification made when q =« , and

xERTMEL -

g
|If|lp§q(3"‘} = supsup ["rBl:x."_m‘} Z 2kaq |Q:‘k Hf|q d}?}
k=m

with the usual modification made when g = oo It is well known that the spaces B5 , (") and
F;fq (R™) are independent of the choice of functions ¢ satisfying (6); see, [19].

We also recall the corresponding inhomogeneous spaces.
Definition (3.2): Leta €(0,0), p,q €(0,], @ € S(R™) satisfy (6) and © € S(R") satisfy
that

supp® © {£ € R":1\2 < [¢] = 2} and |G(&)| =constant>0 if |$(&)] = 5\3 (5)

(i) The inhomogeneous Besov space B, (R")is defined as the collection of all

f € 5. (R™)such that IIfIIBg_q.;gn} < o0, where

1\g
171 s s = [(Bvez, 25201 @e * £l )]



with the usual modifications made when p=o or q=oo, where, when k= 0, ¢, is

replaced by @.
(ii) The inhomogeneous Triebel-Lizorkin space F,, (R™)is defined as the collection of

all f € SL(R™)such tha IIfll gz ) < 0, where, when p e(0,),

14
”ﬂlﬁg.q':i“]' = H[Ekez 2kea |Q:‘?‘ *ﬂq] )

with the usual modification made when q =, and

O sup sup {IB( - )Z 2kaa

eR" m E//

IFim™)

I 1

1/q

o, *f ()] }

with the usual modification made when q =oo , where, when k= 0, ¢, is replaced by ®.
Theorem (3.3): Let (eN and a €(0,2().

(i) Let pe(Lwo] andqe(0,0]. If feBI (R™), then there exists
g €L _(R™)nSL_(R™) such thatg =f in S..(R™)and ||£?||5,, J& = ClIfll gz ez for
some positive constant C independent of f , where .

lgllleg ) = {Zuez 2“9 = Brrrgllfrny}
Conversely, if g € L, (R") nS_(R"™) and [lIflll g zy < 00, then f € BZ, (R™)
and llgll gz zmy = ClIfll gz czmfor some positive constant C independent of f .
(i) Let p e(Loo] and q (L o] . If f € FJ% (R™), then there exists g € L}, (R™) n SL(R™)
such that g =f in SO'O(R“) and |||glllpgu,:3n} = ClIfll gz (gm for some positive constant

C independent of f , where, when p e(l,oo),

1."
”lgl”ﬂqfﬁn} - H{Ekezzkw |3 - BJ?,:‘?{Q'F} B PRm)
. PR
and, when p =0,

F.g'qw):supsup{J‘B( o )Z 24

xeR" meZ

9(y)- B,Zkg(y)\}

Conversely, if g €L, (R")nSL(R™) and llIflll gz czm < oo, then fEEL(R") and
1Al g2z =€ NIFIll gz czmy for some positive constants C  independent of f .

llo

Proof. we need some technical lemmas. Let, for all te(o,oo)

! Xoon (X)) and 1, (x )=t™"1 (x /t). Then

and x € R™1 (x )= ‘B 01‘

(Be,tf )(X)= [ ji ( j(f *| )(X),XERHJE[[I,[:D:]

[
and henc
(B,.f) ©=meaf @& cER”
(6)
where



M, () =2 Y (D) ( 3 jlij) xER" )
20) = (=]
)
A straightforward calculation shows that

n-1

[(x)=7, [ cos(u |x D(L-u?) Z du , x € R" (8)
n-1
with y = Ecos(u | X |)(1—u2)2du]l (see [17]).
Lemma (3.4): Forall (eN and x € R",
m,(x)=1-A(x[) )
where
A,(s)= ad il )z 'uszcd SER 10
As)—ynﬁfo(—u) sin—-| du, (10)
(

Furthermore, s™'A,(s) is a smooth function on R satisfying that there exist positive
constants ¢, and ¢, such that

A
0<c, < ‘gf)3c2,56(0,4] (12)
s
and
d Y (A,(s .
s ) (e e
Proof. Combining (6) with (7), we obtain
27, 1| < (20 . ot
=i -1 1-u?) Z du, x €R"
m, (x) mj{;( )[g_jjcos(1u|x|>}( u*) 2 du, (12)
{

However, a straight forward calculation shows that, forall s e R,

of . US 21{_ 20 ‘ j 20 .
m,(s) = 4 (sm?j _(€ j+;(—l) (K_JJCOSJS

This, together with (3), implies (9).
Next we show (2). By the mean value theorem, we know that, for all u €(0,1) and s € R,

there exists @ € (0,1) such that

Cus Y (1 ) us@ "'
sin— | =|=us | |cos—-
2 2 2
From this and (10), we deduce that, for all s €(0,4] ,

A, (s 4" a n-1
;S()Syn [ZKon(l_uz)z u*du(x)=c, <o
2
(

and



¢ min ,2—7[ n- 2
Af(s)s 4 _[ ¢ 35}(1—u2) 2 y? (cosﬁ] du
2

20 }/n
2070
(
1 min 1,?—:} 2 n- 20
Synmjo (1—U ) 2 u*'du
2
(
<y sz(l—uz)nzluz‘du =C, >
-/n (Zﬂj 0 1
2
(
These prove (2).
Finally, by the mean value theorem again, an argument similar to the above also implies

that |
&)%)

for all i e N. This finishes the proof of Lemma (3.4).
Recall that the Hardy-Littlewood maximal operator M is defined by setting,

forallf et (R™)

loc

sup 0

seR

Mf (x)=sup | [f (y)dy ,x€R"
BcR"

where the supremum is taken over all balls B in R"containingx . The following two
lemmas can be verified straightforwardly.
4.L_orentz spaces:
Definition (4.1): Let n,m >1 be two integers, 1< p <o and 1<q <. Suppose QO c R"is
open. LetX =L"9(0,R™). A function fin X is said to have absolutely continuous norm in
X ifand only if || f x [l — Ofor every sequence E, satisfying E, —0 a.e.

The following proposition gives a characterization of functions with absolutely
continuous norm in.

Theorem (4.2): LX =LP9(f,R™)et n >1be an integer. Let 0<a <1 and r >0. Suppose
1<p<oo andl<q, <q,<c.Wedefineu, , on [O,Qnr“) by

1 n a
U, )=t °In (%j (13)

We also define

Urag rarp 1[0:F) = [0,00] Uy v p ) =U, o (1) (14)
and

Upop s (OT) S RY = [0,00]U, 0 () =Upgy (o (1X ) (15)
Then

(i) U, ,, isadecreasing function on [ 0,Q,r") and

u*r‘a]n]p (t) :u*rﬂ,p t)=u,,, @) forallt e(Q,r") (16)

() U, <L (B (O.1))\ L% (B (0,1)) if 150, < <q, <or.
a

\I)



Proof. (i) Since u, ,  is defined on[O,Qnr”), it follows that u;, (t)=0
is defined on B (0,r) and |B (0,r)|=Q,r",
(t)=0 whenever Q r"<t<co. Once we show that u,,  is

whenever Q_r" <t <oo. Similarly, since u
n

r,a,n,p

it follows that u’

r,a,n,p

implies immediately that u and

ra,n,p

decreasing on [0,Q,r"), the definition of u

ra,n,p

u, ., have the same distribution function, proving claim (i).

We see that u, _  is smooth and strictly positive on (O,Qnr” ) Moreover, it is easy to see that

ra,p
lim, U, ,, (t)=00. Thus, in order to show that u, ., is decreasing on [O,Qn r" ) it is enough
to show thatu’, , , (t)<0 on (0,Q,r"). For
t &(0,Q,r")we have

s [ g P« gt O r"ef?
U’r,zx,p (t):—lt PIn~¢ (—Qn te j+at P |n_“_l(—” te ]

1 n o n o
=t+5 In—** Qre™ + a_lm—a—l Qre™
t P t

Qnr“ep“J

We see that. In( >0, forall t €(0,Q,r") . Thus, for t €(0,Q,r"), we have

1. (Q ref
Ut oo (t)<0<:>a——ln[Lj<0
il il p t
N, pa nh pa
< In[Q”%]> pa@%>e”“ < Q. r" >t
But the last inequality is obviously true for all t e(O,Qnr” ) Thus, u’, , is strictly negative

on (0,Q,r"), which implies that u, , , is strictly decreasing on[0,Q,r"). The defnition of

r,a,p
U, ,npand the fact that u, , is continuous, strictly decreasing and strictly positive
on(0,Q,r") imply immediately that u, ., and u,,  have the same distribution function.

This yields (15),finishing the proof of (i). (i) We proved in part (i) that u; ., (t)=u;,, (t)
forall t >0 . Thus,

ranplie @ I repliea oo,y

for every g in [1,00] .

For1<p <o and 1<q<o weletl, . =U . A0y
Then via (15) we have
1 1
— P — p
Iy wnp = SUP tPu’, (t)= sup tPu,, (t)
0<t<Q,r" o<t<Qr"
o Q,r'e’” -
= sup In?| —=—— |=(pa)”
0<t<Q,r" t

for q =00 and

AR



o, - " dt
nl "y
0 (t purva,p (t )J t_

ot [ Q,r'ef |dt
In™%* | ——— |—
0 t t

- o
R
o
o
|
° ©
TN
~—+
o
c
0 %
R
o
—~~
~—+
N—
~—=
Il
— —

For 1<g<w .
For a given q in [1,oo), the last integral in the above sequence is an improper one and

. . : o1 .
converges if and only if 1-qa <0 if and only if —<q . An easy computation shows that the
a

value of the convergent improper integral is
n, pa 1-qa
1 Inl‘q“(Q“r e’ j:(pa)

-1+qa t -1+qo
Thus, if 1<q;, £1<q2 <o, we have
a

u u

r,a,n,p r.a,p

LP 42 (B(0,1) LP(O.r)

canp €LPZ (B (0,r))\LP* (B (0,r)). This shows that the inclusion
L*% (B (0,r))<=L”%(B(0,r)) is strict whenever 1<p <oo and 1<g,<q,<oo. This
finishes the proof of the theorem.

6.HOlder inequalities for Lorentz spaces:

Here we record the following generalized Holder inequalities for Lorentz spaces, valid for all integers n >1.

Theorem (5.1): Let QcR" Suppose l<p<oo and 1<gq<w. If f el (Q)
andg e L”*(Q), then

Hence, we proved that u

Jolf 0Og0Ox < [7f 7 (5)g"ds <[f [l o, 10, n o
We have the following generalized Holder inequality for Lorentz spaces, valid for all
integers n >1.
Theorem (5.2): (Hardy-Littlewood-Sobolev Theorem). Suppose Q € R™ has finite measure.
Let 1< p,, P,, P <0, 1<p,, P,, P, <obe such that

1 1 1

g T

P, P P
and either

1 1 1

= 4+

q, 9, Q,

whenever 1<q,,q,,0, <o or 1<q, =0, <0, =0 or 1<q, =q,<(, =0 . Then

”f ”Lpl'ql(Q,Rm) S”f ”LPZv“Z(Q,M) ZQ||LPW3(Q) )

Definition (5.3): For every measurable function fon R" , n>2, the fractional integral
I,f isdefined by
f(y)
ILf(x)=| ———d
1 ( ) J'Rn X _y |n—1
We record here the Hardy-Littlewood-Sobolev theorem of fractional integration.

VY



Theorem (5.4): Let 1<p<n and 1<qg <. Then there exists a constant C (n, p,q)>0

such that
I, f

L" P (]R”) - (n P, q)”f ”Lp A(R") (17)
whenever f e LP9Y(R")

6.Sobolev-Lorentz spaces:

Theorem (6.1): (Sobolev Inequalities for Sobolev—Lorentz Spaces). Let 2 eR"™be an open
set, where n > 2 is an integer. Suppose 1< p <o and 1<q <.

(i) If 1< p <o, then there exists a constant C (n P.q ) >0 such that

”u L" pcl(Q) <C (n P, q)”VU”Lp GQR")

for everyu e H "9 (Q) .
(ii) If Q is bounded, then there exists a constant C (n, p, q)> 0 such that

ol <C (120N (@) VU (18)
for everyu e H; "9 (Q) .
Proof. We have that H¢"%(Q) is the closure of C;" () in H**%(Q). Thus it is enough
to prove claims (i) and (ii) for functions u eC’ ().
Let u be in C;* (). We extend the function u by 0 on R" /Q and we denote this extension
by uaswell. Thenuisin C;/ (]R” )and uis compactly supported in Q. We have

uool=<— L (L1vx )

for every x e R". By using this p0|ntW|se inequality together with the Hardy-Littlewood
Sobolev Theorem (see [16]) it follows immediately that claim (i) holds for all

functionsu eCo“’(Q). This proves claim (i) via Costea [17]. We prove now claim (ii). We

have to consider two cases, dependingon 1< p <n or
N<p<ow.

Case I. First we assume that 1< p <n . We notice that p < P Via Theorems (5,1)
n-p

and (5,3) it follows from part (i) that

C (n,p.q)

1
e <P ap v

<[ Jul,

”u ”LM @ — LP9(QR")

n-1
for everyu eC’ (Q), where C (n,p,q) is the constant from Theorem (5.3). This proves the
claim (ii) for 1< p <n [17].
Case II. We assume now that 1<n < p <. We choose s €(1,n) such that p <% Via
n-s
Theorems (5.2) and (5.4) it foIIows from part (i) that

_n=s n,s,q), i.n-s
R T LT
C(n,s,q
<00 [l
Wn—l

'Y



for every u eC’(Q), where C (n,s,q) is the constant from Theorem (5.4). This

proves the claim (ii) for 1<n < p <oo [17]. This finishes the proof
of the theorem .

Theorem (6.2): For v e L} _(R™), the convolution

loc
V() =m, v ()= 7 (x =y v (y )y
enjoys the following properties for every ¢ >0 :
(i) For every p (1) and every g €[1,0], there exists a constant C (p,q) >0 such that

Vol gy <C (P oo ar (19)
(i) For everyp e (L), every qe[Lo] and every v e LPY(R™) with absolutely

continuous (p,q)-norm, we have

”‘/e -V ”LM ®) 0 (20)
As £ >0 .
Theorem (6.3): Let QeR™ be an open set, where n >1 is an integer. Suppose 1< p <oo

and 1<q <oo. Suppose that f eC*(R) , f (0)=0 and f ' is bounded. If uew l'“’"”(Q),
then f ou W "9 (Q) and
V(f ou)=f ‘u)vu
Moreover, if u e HX®9(Q) then f ou e Hy®Y(Q).
Proof. We have
If ou(x)|=[f @)—f (O)|<]f °
which implies that f ou e L®?(Q).
Let s e(L p) be fixed. We have that u eW *P%(Q), f ou e H (Q) and
V(f ou)=f ‘U)vu
Thus, we have f ouel®?(Q) V(f ou)=f )Vuel®(Q"), which implies
thatf ou eW *P9(Q2).We want to prove that f ou e HY*V(Q) if u e HZ"¥(€) . This was

done in Costea [9] in the case n > 2, but the proof is valid for n =1 as well. We present it for
the convenience of the reader. Suppose that u e H ™% (Q) . Then it follows immediately that

) u(x)| foraexin Q (21)

u and Vu have absolutely continuous (p,q)-norm. From the first part of the proof we
already know that f ou eW "9 (Q)because u € Hy " (Q) cW *P9(Q). Let u;, j =1 be
a sequence of functions in C(Q) that converges to u in H;®¥(Q). Without loss of
generality, we can assume that u; —u point wise almost everywhere in Q. Since the
functions u; are compactly supported in Q and f (0)=0, it follows that the functions f °u;
are compactly supported in €. Moreover, since the functions u; are in Cl(Q) and f is
inC'( R), it follows that the functions f ou; are in C*(€2). Thus, u;, j >1is a sequence of
functions in Co(Q) = Hy"V(Q) withV (f ou), =f 'Wu;)Vu; , j >1. Since /" is bounded on
R, we have

V¢



(F ou;)(x) = (F ou)x)| <] *
This implies that f ou; converges to f ou in L(""‘)(Q) .
We have

L™ (R) ‘uj (x)—u(x )‘ fora.e xin Q

If '@;)vu; —f @)vu

<|f ) HVuj vy

+|f '@;)—f '@)vu o)
The first term of the right-hand side trivially converges to 0. The second term of the right-
hand side converges to 0via Bennett-Sharpley [16] since Vu has absolutely continuous
(p,q)-norm , f " is bounded and f '(u;) converges to f '(u)point wise almost everywhere

L(PVQ)(QYR”) L(PVQ)(QYRH)

in Q. Consequently, the sequencesf (u;), f '(u;)Vu converge to f (u), f '(u)Vu respectively
and thusV(f ou)=f '(u)Vu . This finishes the proof .

Lemma (6.4): Supposel<p <oo and 1<q <o . If u eW "V (Q), thenu* ew **¥ (Q2)and
. |vu if u>0
Vu' = .
0 if u<0
Proof. Let s e(1,p) be fixed. From Theorem (6.3) we have that u e H,; (Q). Via Evans
[16] it follows that
N {Vu if u>0
Vu' =

0 if u<0
But in that case Vu" eL®Y(2,R™) since Vuis in LPV(2,R)and [Vu +(x )| <|[Vu (x )|
for almost every x in Q. u*™ eW 1'(""‘)(!)) We also have u” e L(p'q)(Q)since lu™| <Jul inQ

and u e L9 (Q). So
we have in fact that. The claim is proved.
We extend some of the known classical embedding theorems to the
spaces Ho " (Q),C, (Q)n W P (Q) and WP (Q) for 1<n<p<w and 1<q <o

loc

,where Q< R" is open. First we recall the definition of Holder continuous functions with
exponent O<a <1.

Definition (6.5): Let n>1 and O<a <1. Let u be a function defined on a set D — R". We
say that u is Holder continuous in D with exponent a if the quantity
u(x)-u(y)
[u ]O a;D = sup | |
- X,y eD x =y |X —y|a

is finite. We say that u is locally Holder continuous in D with exponent « if u is Holder
continuous with exponent o on compact subsets of D.

Let Q< R"be an open set. Let u be a continuous function on Q. We say that u is in
C () if u is Holder continuous in Q with exponent a.

Before we state and show these embedding results, we need to show an extension result for
functions in H P9 (Q) .
Proposition (6.6): Suppose n =1<p <o and 1<q <o . Let Q c [ be an open interval. If
ueC'(Q) and x,y eQ with x <y, then

u ) =u ) <C . =y [ Jullng (22)
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where
1 if q=1
C(p.q) = (p-quv |
— if 1<q <o
q
Proof. Let x,y eQ with x <yand ueC'(Q). Then u(y)—u(x):jxyu’(t)dt . By

taking absolute values on both sides and using Theorem( 6.3), we obtain
y 1
() =u ()] = [ o (©)fee =

1
< |X -y |l_E ||1“|_P'v‘1'((x,y)) ”u I”LM (x.y)
This finishes the proof of the theorem,since ||l =C (p,q) ,the constant defined in (7).
7.Results :
Corollary (7.1): Let {th}te(o,oo) be a family of multiplier operators given by setting, for

allf, el (R"),

loc

(23)

Loy < ||u '”LM () ||]“L"*“'((x,y>)

LP"(x,y)

ST )A@ =2 mEEf () . EeR"t e(0,0)
for somem e L°°(]R”) If

ZZ LAUR™) +ZZHm”|}<R ) SC <©

then there exists a positive constant C such that, for all f; e L?(R™)andx eR",

> sup ZTI’Jf (x)‘ Y'cc, Zf (x)

te(0,)
Proof. Forall t €(0,») , f; e L*(R™)and x eR", by the Fubini theorem, we see that

22T )

vn+lm

ix ,§d g

= Z‘Z [fi5) [ meg)f; (e édy‘

=1+l

=>> | f (y)jm(t £ () 4d &dy |+

[x —y <t

[ .

[x —y|<t

It is easy to see thatl sZ||m||Lp(W)ij(x) . For II, via the Fubini theorem and the
integration by parts, we also have

-3 [ 30 e

oy XY

v™im (t&)|d &dy

. : fi(y)
<l 2t ] Yy
B=L 2ty —yp<otiont
<> v"*lm\\L(Rn)ZZzi MF; 0 <[V, D IME (x)
=1

which completes the proof of Corollary (7.1).
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Corollary (7.2): (Sobolev Inequalities for Sobolev—Lorentz Spaces). Let Q2 € R™.be an open
set, where >0 is an integer. Suppose 0< & <.
(i) If0 < & <0, then there exists a constant C (2+ &,1+ &) >0 such that

ZZHU L(‘zi”)’((lf))(1+ o) S ZC 2+¢&,1+ E)ZHVUJ-
for everyu; e H{*(Q) .
(if) If Q is bounded, then there exists a constant C (2+ £,1+ &) > 0 such that

1
> s o o S2C@+elt )@Y |vu,
for everyu; e H{*(Q).
Proof. We have that H{**(Q) is the closure of C; (Q) in H“**(Q). Thus, it is enough
to prove claims (i) and (ii) for functions u; eC;(€2).
Let uj be in C; (€). We extend the function u; by 0 on R"/Qand we denote this

L(1+g) (Q,R" )

(24)

L(1+£) (Q,R" )

extension by u;as well.Then uj is in C* (R").and uj is compactly supported in Q. Via
Gilbarg-Trudinger [15], we have

22,00)<

for every x e R™, By using this point wise mequallty together with the Hardy-Littlewood
Sobolev Theorem (see [15]) it follows immediately that claim (i) holds for all

functionsu; eC;*(€2). This proves claim (i) via Costea [17]. We prove now claim (ii). We
have to consider two cases, dependingon ¢>0 .
Case I. First we assume thate > 0. We notice that £ >—1 . Via Theorems (5.1) and (5.3)
it follows from part (i) that
L (e )(Q) - Z|Q|(2+8) ZHU

>3,
sZEQﬂﬂiQMWBHqu

W

(1 IVx 1)(x)

(2+¢)(A+e )(1 )
L (2+e)-(re)

4 i
s L'_+E-|__ﬂ_.:‘in:|

for every u; eC;(Q2), where C (2+¢,1+¢) is the constant from Theorem (5.3). This proves
the claim (ii) for £ >0 via Costea [17].Case Il. We assume now that 0 < & <oo. We choose

se(,(2+¢)) such that(1+¢) <(2(2L)S . Via Theorems (5.2) and (5.4) it follows from
+

part (i) that

(2+¢&)s

1
(+e) (2+6)-s ZHU

(2+0)s )
L(2+ )— s

22w,

(e )(Q) - Z|Q

1 (2+¢)s

(+2) (2+8)-s E"?uj”f‘—“'f}rﬂ 3"1}

C(2+¢,l+¢)
SZW—|Q|

l+e

<3 2B E Do pvw|

{14+2)
w L'_+E-|:ﬂ_.:‘=.n:|

l+e

for every u; eC; (), where C (2+&,1+¢) is the constant from Theorem (5.4). This proves
the claim (ii) for 0 < & <oo [17]. This finishes the proof of Corollary (7.2).
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Corollary (7.3): Let Qe R". be an open set, where £>0 is an integer. Suppose & >0
Suppose that f_eC*(R), f (0)=0and f_ ' is bounded. If u™ewW **9(Q), then

f_ou™eWw *9(Q) and

SOV(feum) =33 f, wm)vu"
Moreover, if u™ e H ™9 (Q) then f_ou™ e H M (Q).
Proof. We have

S eum )| =2 ), O <X
which implies that f _ou™ e L*(Q) .
Lets e (L1+) be fixed. We have thatu™ eW **(Q), f_ou™ e H:*)(Q) and
DV eum= N f u)Vu
Thus, we have f ou™el®™(Q),Y V(f, ou™)=3"f 'U")Vu" eL")(Ql+¢),
which implies that f_ou™ eW **9(Q).We want to prove that f_ou™ eH 9 (Q) if
u™ eHM9(Q). This was done in Costea [9] in the case £>0 , but the proof is valid for

L* (R) ‘U " ( )‘for aexin Q (25)

£ =0 as well. We present it for the convenience of the reader. Suppose that u™ e H > (Q) .
Then it follows immediately that u™ and Vu™ have absolutely continuous (1+ &) -norm.
From the first part of the proof we already know that f_ou™ e L™ (Q)because
u™ eHy®(Q) W *(Q)). Let ul',j >1 be a sequence of functions in C; (Q) that
converges to u™in H**(Q). Without loss of generality , we can assume that ui ->u"
point wise almost everywhere in Q. Since the functions u}“ are compactly supported in Q and
f.,(0)=0 , it follows that the functions f_ou™ are compactly supported in Q. Moreover,
since the functions u" are in C*(Q) and f is inC'(R)., it follows that the functions
f,ou™ arein C*(Q). Thus, ul', j >1is a sequence of functions in C;’ = Hy**(Q)

with Y V(f, oum)j =>'f,'@)vul" , j=1.Sincef, 'is bounded on R , we have

S| Um0~ (F , um00)| <],

This implies that f , ou[" converges to f_ ou™in L*9(Q) .

We have
S IP(E ouTIX) = (F U™ < DD oy T ) =0 (X))

S Gver -t @
The first term of the right-hand side trivially converges to 0. The second term of the right-
hand side converges to 0via Bennett-Sharpley [16] since Vu™ has absolutely continuous

L™ (R) ‘u;n (X)—U " (X )‘ fora.exin Q

(+¢&)-norm,f ' is bounded and f' (uf') converges to f _(u™)point wise almost
everywhere in Q. Consequently, the sequencesf (uj'),f ' (u")Vu™ converge to
f_u™),f_'")Vu" respectively and thusZV(fm ou”‘):Zf ' (U™)Vu™ . This finishes
the proof .
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Corollary (7.4): Suppose O<e&<oo . Let QR be an open interval. If u; eC'(Q) and
X,(X +&)eQ with £ >0 , then

1
Y I>uyx)-uj(x +e)| <Y CA+e)x —(x +) Te Y [u; ! o (26)
where
1 if =0
Cl+¢)= 1 (27)
{(1)a+g> if O<e<w

Proof.Let x,(x +&) e Q with £>0andu; eC*(Q).

Then > > u; (x)-u; (x +&)| =Y j > u’; (t)t . By taking absolute values on both sides

and using Theorem (6.3), we obtain

Z\zuj (X +¢)-u, (x)\zzxrﬂuj '(t))dt <> zuuj '

LH(x x +¢) < z Z HU j ' LY (x X +€)
< z z ||1||L1*£ (X X +€)

VL ,
< z‘zu] (X ) —UJ (X + 8)‘ e < Z“ll L&) (x x +&) ZHUJ LE9) (x x +e)

This finishes the proof Corollary(7.4), since 1] =C (1+ &) ,the constant defined in(2).
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